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Geophysical Tlows

Why are we interested?

- water management (quality,
availability)

. forecast natural disasters, mitigate their
conseqguences

« energy production




1D samt-Venant oystem

Py -0 (hu) = 0
d(hu) , gh? h water height
ot 0x(hu 2 )=~ ghaxzb u averaged velocity

1 free surface

| L | L ttom t h
4+ vertical contribution of horizontal velocity is neglected Zp, bottom topography

+ widely studied (well-posedness, numerical approximation) z
4+ hyperbolic structure
/
—
v implicit scheme using kinetic framework 1d.2d P "l
SRR ‘
v flat topography (explicit updates 220200000040
pography (exp ; ) | K

v variable topography (iterative strategy)



1D samt-Venant oystem

Py -0 (hu) = 0
d(hu) 0. (hut? ghz) ooz h water height
ot * 2 D u averaged velocity
1 free surface
Properties Z5, bottom topography

4 Positivity. 7 > 0

4+ Stationary States  h + g, = Cst, u=0 /;
4+ Entropy inequality d,E(U) + 0,G(U) <0, U = (h, hu) P !
7.9.90.0.9 %
> > > R
hu=  gh hu ) R | oo R K



Kinetic rRepresentation

Kinetic scale f(#, x, &) distribution of particles with velocity & € R

i&) £, x, E)de

Boltzmann-type kinetic equations | » JR @ OLf1(t, x, &) dE = 0
0. f(1,x,6) + S0, f(t, X, ) — 8(0,2,)0: (8, x, &) = " OLf1(, x, 5)

collisions

Macroscopic scale h, hu recovered by integration Uf — [ (
R




Kinetic rRepresentation

Kinetic scale f(#, x, &) distribution of particles with velocity & € R

1
Macroscopic scale h, hu recovered by integration Uy = [ ( 5) f(t,x,8)dE
R

Boltzmann-type kinetic equations

1
0,f(1,%, &) + £0,f(t,%,6) = (0,20 f(1,x, &) = — ( M(Uy(1,),8) = fi2,,0))

E

Link to Saint-Venant Mesoscopic —Macroscopic BGK collision operator

e—0

4+ Gibbs equilibrium f — M( Uy, E)

4+ Moment relations
h2

EM(U, &)dE = hu J E°M(U, E)déE = hu* + g—
R

J MU, &)dE = h J >
R

R



Kinetic rRepresentation

Kinetic scale f(#, x, &) distribution of particles with velocity £ € R

i&) £, x, E)de

Macroscopic scale h, hu recovered by integration Uf — [ (
R

Boltzmann-type kinetic equations

1
0f(1,%, &) + £0,f(t,%,6) = (0,20 f(1,x, &) = — ( M(Uy(1,), &) - fi2,,0))

E

BGK collision operator
BGK Splitting

+ Transport Step  d,f + &0, f — £(0,2,)0:f = 0

M(Uf(ta X), 5) _f(ta X, 5)

E

+ Relaxation Step 0, f =



Kinetic rRepresentation

Moment Relations + Kinetic Entropy
J M(U, &) ds = h
R

| EM(U, &) dE = hu
JR

n h2
E°M(U, &) dé = hu’* + 8
JR




Kinetic rRepresentation

Moment Relations + Kinetic Entropy

J M(U,¢&)dE = h
R

52 2
H(f,¢) = f f +g7,f

| EM(U, &) dE = hu
JR

n h2
E°M(U, &) dé = hu’* + 8
JR

Lemma. (Perthame and Simeoni 2001)
52 2 2

The function H(f, &) = ; fA 7 f3 + gz, f IS a kinetic entropy associated to the half-disk

Maxwellian MU, §) = i<2gh — (- u)2)1+/2.
g




Kinetic Representation

The Maxwellian M(U, &) minimizes the energy HM(U, $),5)dé < | H(f,§)dé Vf >0

JR JR
such that (h) —J <1>f(tx E)dE 1
— 5 Vs . . . N2 1172
i) = )\ m M(U.&) =—(2¢h = € - w?)!
l L:l . > &
u—24/gh u-+2+/gh
Lemma. (Perthame and Simeoni 2001)
2 2 2
The function H(f, &) = 52 fA 7 f3 + gz, f IS a kinetic entropy associated to the half-disk

Maxwellion MU, &) = i<2gh — (- u)2>1+/2.
g
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~xplicit scheme (flat topography)

Consider the case of flat topography z, = Cst.

)

1
&~ —| fa"xOdE, 1<i<N

Ax J .

Explicit Kinetic Scheme

Macroscopic Level
urt - ur 1 (F(U?, UL, — (U, UM) =0
AZ_ I Ax 12 7 i+1 —1° i o

Proposition. (Audusse, Bouchut, Bristeau, Sainte-Marie 2016)

Under the CFL ¢|&| < 1, the explicit kinetic scheme satisties A" > 0 and the following
entropy inequality

(UMY < (UM — o(GP,,, — G",,,), 6= At/Ax
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mplicit Scheme (tlat topographny)

Implicit Kinetic Scheme

fln_l_l _fzn 5 1 n+1 n+1 1 n+1 n+1 =0
I (LU =D+ Lo =) =

Matrix Form (I+ oL)f"*!' = M + oB"

v (I + oL) invertible with positive coefficients
v System has unique solution with positive quantities

Proposition. (Rigal, Sainte-Marie, E.H. 2023)
VAr > 0 the implicit kinetic scheme satisties h**! > 0 and the following entropy inequality

KUY < H(U) = oGty = G4y + D7 D <0
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mplicit Scheme (tlat topographny)

Implicit Kinetic Scheme

fln_l_l _fzn 5 1 n+1 n+1 1 n+1 n+1 =0
I (LU = £+ Lo =) =

Matrix Form (I+ oL)f"*!' = M + oB"

v (I + oL) invertible with positive coeflicients

v System has unique solution with positive quantities
v Positive water height

v Entropy inequality

X Macroscopic Updates (halt-disk Maxwellian)

1 + Nk
Lt g S (1(;:;5))“1 MU, ¢), 0<k<P-1
E2) T
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ICit Scheme (;

X Macroscopic Updates (halt-disk Maxwellian)

1 + =k
Lieso| € Cot) M(
) 52 (1 T Ué)k-l_l

U, <),

at topograpny)

Possible Solutions

4 Quadratures

+ Another Maxwellian M(U, &) = —y
C

4 [terative Methods

0<k<P-1

A

E—u

C

)
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Case of Variable Topography

Y Audusse, Bouchut, Bristeau, Klein, et al. 2004 “A fast o

nd stable well-balanced

44

scheme with hydrostatic reconstruction for shallow water flows
Hydrostatic reconstruction Explicit scheme with hydrostatic reconstruction
| firll-mp & ; 1 [ gn ;
Discrete lake at rest At | Ax (M1 =ML )) Ax (& —uN My =My | =0
hj hit1/2— hit1/24
—~ hiss Proposition. (Audusse, Bouchut, Bristeau, Sainte-Marie 2016)
\:\ | The explicit scheme (variable topography) admits an entropy
o inequality of the form
Interface i + 1/2 n(U l.”“, z) < U, z) —o(Gl ) — GLp) + D+ €, € >0

v Preserves lake at rest
v Balances pressure variation with source term

e quadratic error that vanishes as " — 0.
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Implicit Scheme (variaple topograpny)

Implicit scheme with hydrostatic reconstruction

fit =M ¢ (

At Ax

1
n+1 n+1 | n+1 n+1 n+1 —
Mi++1/2 - Mi—+1/2> | Ax (€ — U; " )[Mi—_I_l/2+ o Mi++1/2—] =0

Non-linear implicit update cannot be computed exactly = Use iterative process (Gauss-Jacobi)

n+1,k+1 __ . n+l,k _ _k n+l,k n+1.k kce . ,n+lk n+l,k n+1.k
(1 +a)f; =M;+al o' (Mi+1/2 M3 ) toc—u )[Mi—1/2+ Mi+1/2—]

Proposition. (Rigal, Sainte-Marie, E.H. 2023)

V Y >0 0t R e > 0and VEER  (6F| | — a)MH < M

v lterative process satisfies n(U™**!, z) < n(U™, z)) — a"(Gl.’j:“l}é" - G+ DY D <0 from some rank.
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Test Case.

4 Periodic boundary conditions

§h+Zb:CSlL

*u=0Cst#0

le—3 Total energy dissipation

0.5
v 0.07 Cty
>
'©
2 —0.5 -
O
=
S —1.0 -
>
S —1.5 1
O
[
? —2.0 -
= Explicit HLL
% —2.5 - Explicit kinetic half-disk
b terKin half-disk (Tol+Entr.)
= 3.0 = terKin half-disk (Entropy)
terKin index (Tol+Entr.)
-3.5
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Time
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2D - Test case.

4+ Analytic solution

4+ Difficult to capture

Time: 0

Time: 1.16743

Time: 0.464823

Time: 1.87044
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