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Quadratic 2D discrete random matching

Setting:
{Xi}n

i=1, {Yi}n
i=1 ⊂ T2 random with Xi ,Yi ∼ ρ dx

Matching problem: Combinatorics optimization problem

min
σ∈Sn

n∑
i=1

|Xi − Yσ(i)|2

Problem appears in: statistical physics, computer science, economics, ...

Solution for large data n� 1: Combinatoric algorithms with polynomial complexity,
Kuhn, Munkres (50′s)
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A PDE approach to the matching problem

Cn := min
σ∈Sn

n∑
i=1

|Xi − Yσ(i)|2

Optimal transport point of view: Caracciolo, Lucibello, Parisi and Sicuro (14’)

Cn = n W 2
2

( 1
n

n∑
k=1

δXk︸ ︷︷ ︸
:=µn

,
1
n

n∑
k=1

δYk︸ ︷︷ ︸
:=νn

)

W 2
2 (µn, νn) = inf

π

{ ˆ
T2×T2

|x − y |2 dπ(x , y)
∣∣∣πx = µn and πy = νn

}

Question: Compute the optimal coupling πn for n� 1
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A PDE approach to the matching problem

W 2
2

( 1
n

n∑
k=1

δXk︸ ︷︷ ︸
:=µn

,
1
n

n∑
k=1

δYk︸ ︷︷ ︸
:=νn

)

We solve the optimal transport problem: Assume µn = µn dx and νn = νn dx

πn = (Id,T n)#µn (Benamou-Brenier)

and

T n = Id +∇hn with νn = (µn ◦ T n) det(Id +∇2hn) (Monge-Ampère)

Approximation as n ↑ ∞: Under ergodicity (say i.i.d.)

µn, νn ⇀ ρ =⇒ |(∇hn,∇2hn)| � 1 as n ↑ ∞

We expand

µn ◦ T n ≈ µn +∇ρ · ∇hn and det(Id +∇2hn) ≈ 1 + ∆hn

Plugging in Monge-Ampère



4

A PDE approach to the matching problem

W 2
2

( 1
n

n∑
k=1

δXk︸ ︷︷ ︸
:=µn

,
1
n

n∑
k=1

δYk︸ ︷︷ ︸
:=νn

)

We solve the optimal transport problem: Assume µn = µn dx and νn = νn dx

πn = (Id,T n)#µn (Benamou-Brenier)

and

T n = Id +∇hn with νn = (µn ◦ T n) det(Id +∇2hn) (Monge-Ampère)

Approximation as n ↑ ∞: Under ergodicity (say i.i.d.)

µn, νn ⇀ ρ =⇒ |(∇hn,∇2hn)| � 1 as n ↑ ∞

We expand

µn ◦ T n ≈ µn +∇ρ · ∇hn and det(Id +∇2hn) ≈ 1 + ∆hn

Plugging in Monge-Ampère



4

A PDE approach to the matching problem

W 2
2

( 1
n

n∑
k=1

δXk︸ ︷︷ ︸
:=µn

,
1
n

n∑
k=1

δYk︸ ︷︷ ︸
:=νn

)

We solve the optimal transport problem: Assume µn = µn dx and νn = νn dx

πn = (Id,T n)#µn (Benamou-Brenier)

and

T n = Id +∇hn with νn = (µn ◦ T n) det(Id +∇2hn) (Monge-Ampère)

Approximation as n ↑ ∞: Under ergodicity (say i.i.d.)

µn, νn ⇀ ρ =⇒ |(∇hn,∇2hn)| � 1 as n ↑ ∞

We expand

µn ◦ T n ≈ µn +∇ρ · ∇hn and det(Id +∇2hn) ≈ 1 + ∆hn

Plugging in Monge-Ampère



4

A PDE approach to the matching problem

W 2
2

( 1
n

n∑
k=1

δXk︸ ︷︷ ︸
:=µn

,
1
n

n∑
k=1

δYk︸ ︷︷ ︸
:=νn

)

We solve the optimal transport problem: Assume µn = µn dx and νn = νn dx

πn = (Id,T n)#µn (Benamou-Brenier)

and

T n = Id +∇hn with νn = (µn ◦ T n) det(Id +∇2hn) (Monge-Ampère)

Approximation as n ↑ ∞: Under ergodicity (say i.i.d.)

µn, νn ⇀ ρ =⇒ |(∇hn,∇2hn)| � 1 as n ↑ ∞

We expand

µn ◦ T n ≈ µn +∇ρ · ∇hn and det(Id +∇2hn) ≈ 1 + ∆hn

Plugging in Monge-Ampère

νn = µn +∇ · ρ∇hn + higher order terms



4

A PDE approach to the matching problem

W 2
2

( 1
n

n∑
k=1

δXk︸ ︷︷ ︸
:=µn

,
1
n

n∑
k=1

δYk︸ ︷︷ ︸
:=νn

)

We solve the optimal transport problem: Assume µn = µn dx and νn = νn dx

πn = (Id,T n)#µn (Benamou-Brenier)

and

T n = Id +∇hn with νn = (µn ◦ T n) det(Id +∇2hn) (Monge-Ampère)

Approximation as n ↑ ∞: Under ergodicity (say i.i.d.)

µn, νn ⇀ ρ =⇒ |(∇hn,∇2hn)| � 1 as n ↑ ∞

We expand

µn ◦ T n ≈ µn +∇ρ · ∇hn and det(Id +∇2hn) ≈ 1 + ∆hn

Plugging in Monge-Ampère

νn = µn +∇ · ρ∇hn + (((((((higher order terms



5

A PDE approach to the matching problem

Cn = n
ˆ
T2×T2

|x − y |2dπn(x , y)

To sum up:

πn = (Id,T n)#µn with T n ≈ Id +∇hn and −∇ · ρ∇hn = µn − νn

Successfully applied: Ambrosio, Stra, Trevisan, Goldman (’19, ’22) to study the cost
for ρ = 1

E[Cn] ≈ nE
[ ˆ

T2
|∇hn|2

]
≈

1
2π

log(n)

Generalise previous two sided estimates by Ajtai, Komlós and Tusnády (’84)

Question: Can we justify the approximation of πn, i.e.

lim
n↑∞

W 2
2
(
πn, (Id, Id +∇hn)#µn

)
= 0 ?
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A rigorous approach to the PDE ansatz

Consider {Pt}t>0 the heat semi-group and

−∇ · ρ∇hn,t = µn,t − νn,t with
ˆ
T2

hn,t = 0

µn,t := Ptµ
n and νn,t := Ptν

n

Theorem (C., Mattesini, PTRF (’24))
Assume that ρ ∈ Hε with ε > 0, 0 < λ ≤ ρ ≤ Λ and for c > 0, η ∈ (0,∞]

sup
|F |≤1

∣∣∣ ˆ
T2×T2

F d(P(Xi ,Xj ) − PXi ⊗ PXj )
∣∣∣ . exp(−c|i − j|η)

likewise for {Yi}i . For t = logγ (n)
n and γ � 1, it holds

E
[

W 2
2
(
πn,
(

Id, Id +∇hn,t
)

#µn,t
)]

.
log(n)

n

√
log log(n)

log(n)

Generalise previous estimates by Ambrosio, Glaudo and Trevisan (’19) for η =∞ and
ρ = 1
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A proof combining tools from optimal transport and PDEs

−∇ · ρ∇hn,t = µn,t − νn,t , T n#µn = νn and T̂ n,t := Id +∇hn,t

Stability of transport maps: Compare

πn = (Id,T n)#µn and π̂n,t := (Id, T̂ n,t )#µn,t

If
µn − µn,t ⇀

n↑∞
0 and νn − T̂ n,t #µn,t ⇀

n↑∞
0

then
πn − π̂n,t ⇀

n↑∞
0

Quantitative version: Ambrosio, Glaudo and Trevisan (’19): There exists c > 0 such
that provided

|(∇hn,t ,∇2hn,t )| ≤ c

it holds

W 2
2 (πn, π̂n,t ) . W 2

2 (µn,t , µn) + W 2
2 (νn,t , νn) + W 2

2 (νn,t , T̂ n,t #µn,t )
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A proof combining tools from optimal transport and PDEs

−∇ · ρ∇hn,t = µn,t − νn,t , T n#µn = νn and T̂ n,t := Id +∇hn,t

Regularity estimates: For the choice t = logγ (n)
n for γ � 1

P
(
‖(∇hn,t ,∇2hn,t )‖L∞ ≤

1
log(n)

)
≥ 1− o

( 1
n`

)
for any ` ≥ 1

Contractivity error W 2
2 (µn,t , µn):

E
[
W 2

2 (µn,t , µn)
]
.

log log(n)
n

+ t‖ρt − ρ‖L1

Improvement of the classical estimate . t
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A proof combining tools from optimal transport and PDEs

−∇ · ρ∇hn,t = µn,t − νn,t , T n#µn = νn and T̂ n,t := Id +∇hn,t

Moser coupling error W 2
2 (νn,t , T̂ n,t #µn,t ): By Benamou-Brenier’ theorem

νn,t = φ(1, ·)#µn,t with φ flow induced by s 7→
ρ∇hn,t

sµn,t + (1− s)νn,t

W 2
2 (νn,t , T̂ n,t #µn,t ) = W 2

2 (φ(1, ·)#µn,t , T̂ n,t #µn,t )

≤
ˆ
T2
|φ(1, ·)− (Id +∇hn,t )|2

.
ˆ
T2
|ρt − ρ|2|∇hn,t |2
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