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Context

• One of the most important 

cardiac arrhythmias

• Chaotic electrical wave and 

irregular heartbeat  

• Affects the pumping function of 

the heart 

Electrocardiology Modeling after Catheter Ablations for Atrial Fibrillation 7
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Fig. 2. First column: before ablation. Second column: successful RFA (Equation (3),
↵ = 10�4). Third column: successful PFA. Lines 1 to 7: Snapshots of transmembrane
potential vm. Last line: Snapshot of extracellular potential ue.

the success of the ablation. However and contrary to RFA (second column), the
PFA maintains the continuity of the extracellular potential ue, see the last line
of Figure 2.

The effects of the ↵ parameter are shown in Figure 3. One can see that as it
increases – see the second and the third columns (↵ = 10�3 and ↵ = 10�2) – the

Pathological area

Left Atrium

Treatment 

• Isolation of the 4 pulmonary veins 

How

• Cardiac Ablation

Atrial Fibrillation
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RFA PFA
Type of ablation Thermal Non-thermal
Tissue scaffold Destruction Preservation
Induced fibrosis More Few

Recurrency of AF ~ 30 % ~ 15%

• Classical technique: Radio-Frequency Ablation (RFA). 

Clinics disadvantages [1]: damage to adjacent structures (lungs, 
phrenic nerve, oesophagus) and risk of “steam pop” mainly due to 
heat diffusion. 


• Novel technique: Pulsed Field Ablation (PFA).

Preservation of tissue scaffold, non thermal technique, which takes 
advantage of irreversible electroporation.

[1] Wojtaszczyk A, Caluori G, Pešl M, et al. Irreversible electroporation ablation for atrial fibrillation. J Cardiovasc Electrophysiol 2018; 
29: 643–651. 

Cardiac Ablation
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High voltages pulses (100 < |E| < 3000 V.cm-1) 

and short duration (~ 100 s to 100 ms)μ

Cytoplasm

Nucleus

Reversible electroporation

Permeable 

membrane Viable cells

Applications (in oncology): 

• In vitro gene transfection 

• Electrochemotherapy 

Irreversible electroporation

Very

permeable 

membrane

Cell swelling 

due to osmotic


Imbalance
Necrosis

Very

permeable 

membrane

Disturbed cell

homeostasis Apoptosis

Application: 

• Tumoral ablation

• Cardiac ablation

Electroporation
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Atrial fibrillation MonthsSurgery
Study analysis after  

ablation

• 1st goal: model the behavior of electric potential in a cardiac tissue 
with an area ablated by PFA


• 2nd goal: compare models and simulations of PFA and RFA

Goals
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• Neumann BC + Gauge condition

• Scalar or tensor conductivities

• Intra-cellular potential 


• Extra-cellular potential 

• Transmembrane potential  

• Gating variable 
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Repolarization
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Modeling the electroporated (EP) area  

Assumptions


• The size of the EP area is 
considered thin.


• Almost all the cardiomyocytes are 
ablated by PFA : we assume


1.  


2. Linearization of the ionic 
current in the EP area.
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¯̄�i, outside EP area.

Analysis after PFA
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Modeling the electroporated (EP) area  

Objective

Determine transmission conditions at 
the interface  when .Γ ε → 0

Analysis after PFA

ε → 0
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The static problem 
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coupled to transmission conditions,

boundary conditions,

and gauge condition

First results

• Existence and 

uniqueness, under 
conditions on the 
ionic term.


• A priori estimates, 
allow the 
convergence.
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Why an asymptotic analysis? 

Analysis after PFA

Transmembrane potential vm

Solving the dynamic 
system with an 
adapted mesh…
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Why an asymptotic analysis? 
…numerical problems

Analysis after PFA

<latexit sha1_base64="Q+/BrTk9BuOOLhCtnGaSRuw21P4="></latexit>

�r · (�iru"

i
) +AmIion(u

"

i
� u"

e
) = ⌦H

f, ⌦H [ ⌦"

PV
,

�r · (�eru"

e
)�AmIion(u

"

i
� u"

e
) = � ⌦H

f, ⌦H [ ⌦"

PV
,

�r · ("2�iru"

i
) +AmS0 (u"

i
� u"

e
) = 0, ⌦"

ep
,

�r · (�eru"

e
)�AmS0 (u"

i
� u"

e
) = 0, ⌦"

ep
,

(1)

(2)

(3)

(4)

<latexit sha1_base64="Q+/BrTk9BuOOLhCtnGaSRuw21P4="></latexit>

�r · (�iru"

i
) +AmIion(u

"

i
� u"

e
) = ⌦H

f, ⌦H [ ⌦"

PV
,

�r · (�eru"

e
)�AmIion(u

"

i
� u"

e
) = � ⌦H

f, ⌦H [ ⌦"

PV
,

�r · ("2�iru"

i
) +AmS0 (u"

i
� u"

e
) = 0, ⌦"

ep
,

�r · (�eru"

e
)�AmS0 (u"

i
� u"

e
) = 0, ⌦"

ep
,

(1)

(2)

(3)

(4)



SIMONE NATI POLTRI

INTRODUCTION

1. ANALYSIS AFTER PFA

2. RFA vs PFA

CONCLUSION

MONC16

The asymptotic analysis 
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The asymptotic analysis: the zero order 
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Analysis after PFA

• Local coordinates 


• Variable change 
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The asymptotic analysis: the first order 

At the interface Γ

Not fully isolated!

Solutions at any order are determined by induction.

Analysis after PFA

• Curvature  


• Map 
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Assuming the well-posedness of all the PDE systems and 
let  be the functions defined by 
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The asymptotic analysis: convergence theorem [1] 

[1] A. Collin, S. Nati Poltri, C. Poignard. Electrocardiology modeling after pulsed field ablation relying on asymptotic analysis. To 
be submitted. 2024.
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Assuming the well-posedness of all the PDE systems and 
let  be the functions defined by 





for all , there exists a constant  independent of  
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Coming back to the dynamical system… 

x x

c

c
S1 (BB)

S1 (FO)

S2

Title Suppressed Due to Excessive Length 3

the identity tensor in the tangential plane. ⌧̄0 denotes a unit vector, linked to
the fiber direction of the midsurface of the atria, and ⌧̄?0 is such that (⌧̄0, ⌧̄?0 )
gives an orthonormal basis to the tangential plane. Eventually, functions I0(✓) =
1
2 + 1

4✓ sin(2✓) and J(✓) = 1�I0(✓) describe the effect of a variation of a 2✓ angle
of the direction of the fibers across the wall. The well-posedness of the system is
ensured by adding some initial conditions for vm, ue and w at time t = 0.

To close the system, appropriate transmission conditions on the interface �
has to be written. They depend on the ablation that we consider and they are
presented in the following subsections. We will denote by �+ (resp. ��) the side
of DLA (resp. DPV).

2.2 Radiofrequency Ablation

To represent RFA without fibrosis, we will consider a full separation between
the two cardiac parts DLA and DPV. The transmission conditions are in fact
degenerated and read as follows

�
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However, fibrosis is known to appear in some cases after RFA [ajouter 1 citation].
To model that, we will consider the well-known Kedem–Katchalsky transmission
conditions – initially introduced in [11] – which write
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The considered coefficient ↵ is a positive constant which must be chosen carefully.
Indeed by varying the parameter, the transmembrane potential wave will be able
or not to overtake the interface � . In particular, when ↵ = 0, it is equivalent to
the conditions (3) corresponding to RFA without fibrosis. When ↵ >> 1, it can
be seen as a penalty method [13] for weak imposition of the continuity conditions
between the both parts meaning it corresponds to have the classical bidomain
model in the full domain.

Annabelle : j’hésite à virer Equation (3) en couplant directement (3) et (4).

2.3 Pulsed Field Ablation

Unlike RFA, the PFA method has been proven to be non-invasive, only destroy-
ing cells, by ensuring tissue specificity, specifically targeting the myocardium
thanks to its non-thermal approach. Therefore, the extra-cellular potential is
revealed to be continue with its derivative at the interface � . Concerning the
intra-cellular potential, we consider a Neumann boundary condition. We then

Title Suppressed Due to Excessive Length 3

the identity tensor in the tangential plane. ⌧̄0 denotes a unit vector, linked to
the fiber direction of the midsurface of the atria, and ⌧̄?0 is such that (⌧̄0, ⌧̄?0 )
gives an orthonormal basis to the tangential plane. Eventually, functions I0(✓) =
1
2 + 1

4✓ sin(2✓) and J(✓) = 1�I0(✓) describe the effect of a variation of a 2✓ angle
of the direction of the fibers across the wall. The well-posedness of the system is
ensured by adding some initial conditions for vm, ue and w at time t = 0.

To close the system, appropriate transmission conditions on the interface �
has to be written. They depend on the ablation that we consider and they are
presented in the following subsections. We will denote by �+ (resp. ��) the side
of DLA (resp. DPV).

2.2 Radiofrequency Ablation

To represent RFA without fibrosis, we will consider a full separation between
the two cardiac parts DLA and DPV. The transmission conditions are in fact
degenerated and read as follows

�
(¯̄�e ·rue) · n̄

�
|�+

=
�
(¯̄�e ·rue) · n̄

�
|��

= 0,
�
(¯̄�i ·r(ue + vm)) · n̄

�
|�+

=
�
(¯̄�i ·r(ue + vm)) · n̄

�
|��

= 0.

(3a)

(3b)

However, fibrosis is known to appear in some cases after RFA [ajouter 1 citation].
To model that, we will consider the well-known Kedem–Katchalsky transmission
conditions – initially introduced in [11] – which write

↵JueK|� =
�
(¯̄�e ·rue) · n̄

�
|�+

=
�
(¯̄�e ·rue) · n̄

�
|��

,

↵Jvm + ueK|� =
�
(¯̄�i ·r(ue + vm)) · n̄

�
|�+

=
�
(¯̄�i ·r(ue + vm)) · n̄

�
|��

.

(4a)

(4b)

The considered coefficient ↵ is a positive constant which must be chosen carefully.
Indeed by varying the parameter, the transmembrane potential wave will be able
or not to overtake the interface � . In particular, when ↵ = 0, it is equivalent to
the conditions (3) corresponding to RFA without fibrosis. When ↵ >> 1, it can
be seen as a penalty method [13] for weak imposition of the continuity conditions
between the both parts meaning it corresponds to have the classical bidomain
model in the full domain.

Annabelle : j’hésite à virer Equation (3) en couplant directement (3) et (4).

2.3 Pulsed Field Ablation

Unlike RFA, the PFA method has been proven to be non-invasive, only destroy-
ing cells, by ensuring tissue specificity, specifically targeting the myocardium
thanks to its non-thermal approach. Therefore, the extra-cellular potential is
revealed to be continue with its derivative at the interface � . Concerning the
intra-cellular potential, we consider a Neumann boundary condition. We then
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2 Modeling

2.1 Bidomain model

We consider two parts of the cardiac tissue that should have be isolated during
ablation (RFA or PFA). We denote by DPV one of the pulmonary vein domain
and by DLA the rest of the left atrium. In our modeling the ablated area is
assumed to be small and we consider that it is represented only by the interface
between the two domains � = DLA \ DPV. PFA, RFA and fibrosis after RFA
will be modeled through the transmission conditions on � . We also define the
exterior boundaries �LA = @DLA \ � and �PV = @DPV \ � .

Inside the cardiac tissue, we will consider the well-known bidomain model [1],
widely studied in literature. This is a non linear reaction-diffusion partial differ-
ential equation (PDE), coupled with an ordinary differential equation (ODE),
representing the cellular activity. In particular, considering a quite simple phe-
nomenological ionic model, equations can be rewritten in terms of the intra-
cellular potential (ue +vm), the extra-cellular potential ue and the ionic variable
w. Moreover, in order to simplify notations, a transmembrane potential vm can
be introduced and defined as vm := (ue + vm) � ue. The system of equations
reads as

Am(Cm@tvm + Iion) �r · (¯̄�i ·r(vm + ue)) = 0, DLA [DPV ⇥ (0, T ),

r · ((¯̄�i + ¯̄�e)rue) + r · (¯̄�i ·rvm) = 0, DLA [DPV ⇥ (0, T ),

@tw + g(vm, w) = 0, D ⇥ (0, T ),

(1a)

(1b)
(1c)

where the functions Iion and g are defined as in the model proposed by Mitchell
and Schaeffer [4], Am, the fraction of membrane area per unit volume and Cm,
the membrane capacitance per unit surface. We assume that the heart is iso-
lated, so we make the standard assumption that the extra- and intra- cellular
currents do not propagate outside the heart meaning that we consider Neumann
homogeneous boundary conditions on �LA [ �PV,

(¯̄�i ·rvm) · n̄ = �(¯̄�i ·rue) · n̄, �LA [ �PV ⇥ (0, T ),

(¯̄�e ·rue) · n̄ = 0, �LA [ �PV ⇥ (0, T ),

(1d)

(1e)

where n̄ is the outside normal of �LA [ �PV. More precisely, we consider here
the surface bidomain model proposed in [5], particularly well-suited to the atria
very thin walls. This amounts to considering DLA (resp. DPV) as the midsurface
of the left atrium (resp. one of the pulmonary vein) and the following description
for the anisotropic intra- and extra-cellular conductivity tensors,

¯̄�i,e = �t
i,e

¯̄I + (�t
i,e � �l

i,e)
⇥
I0(✓)⌧̄0 ⌦ ⌧̄0 + J0(✓)⌧̄

?
0 ⌦ ⌧̄?0

⇤
, (2)

where �t
i,e and �l

i,e denote the conductivity coefficients in the intra-cellular
medium measured along and across the fiber direction, respectively and ¯̄I is

2 No Author Given

2 Modeling

2.1 Bidomain model

We consider two parts of the cardiac tissue that should have be isolated during
ablation (RFA or PFA). We denote by DPV one of the pulmonary vein domain
and by DLA the rest of the left atrium. In our modeling the ablated area is
assumed to be small and we consider that it is represented only by the interface
between the two domains � = DLA \ DPV. PFA, RFA and fibrosis after RFA
will be modeled through the transmission conditions on � . We also define the
exterior boundaries �LA = @DLA \ � and �PV = @DPV \ � .

Inside the cardiac tissue, we will consider the well-known bidomain model [1],
widely studied in literature. This is a non linear reaction-diffusion partial differ-
ential equation (PDE), coupled with an ordinary differential equation (ODE),
representing the cellular activity. In particular, considering a quite simple phe-
nomenological ionic model, equations can be rewritten in terms of the intra-
cellular potential (ue +vm), the extra-cellular potential ue and the ionic variable
w. Moreover, in order to simplify notations, a transmembrane potential vm can
be introduced and defined as vm := (ue + vm) � ue. The system of equations
reads as

Am(Cm@tvm + Iion) �r · (¯̄�i ·r(vm + ue)) = 0, DLA [DPV ⇥ (0, T ),

r · ((¯̄�i + ¯̄�e)rue) + r · (¯̄�i ·rvm) = 0, DLA [DPV ⇥ (0, T ),

@tw + g(vm, w) = 0, D ⇥ (0, T ),

(1a)

(1b)
(1c)

where the functions Iion and g are defined as in the model proposed by Mitchell
and Schaeffer [4], Am, the fraction of membrane area per unit volume and Cm,
the membrane capacitance per unit surface. We assume that the heart is iso-
lated, so we make the standard assumption that the extra- and intra- cellular
currents do not propagate outside the heart meaning that we consider Neumann
homogeneous boundary conditions on �LA [ �PV,

(¯̄�i ·rvm) · n̄ = �(¯̄�i ·rue) · n̄, �LA [ �PV ⇥ (0, T ),

(¯̄�e ·rue) · n̄ = 0, �LA [ �PV ⇥ (0, T ),

(1d)

(1e)

where n̄ is the outside normal of �LA [ �PV. More precisely, we consider here
the surface bidomain model proposed in [5], particularly well-suited to the atria
very thin walls. This amounts to considering DLA (resp. DPV) as the midsurface
of the left atrium (resp. one of the pulmonary vein) and the following description
for the anisotropic intra- and extra-cellular conductivity tensors,

¯̄�i,e = �t
i,e

¯̄I + (�t
i,e � �l

i,e)
⇥
I0(✓)⌧̄0 ⌦ ⌧̄0 + J0(✓)⌧̄

?
0 ⌦ ⌧̄?0

⇤
, (2)

where �t
i,e and �l

i,e denote the conductivity coefficients in the intra-cellular
medium measured along and across the fiber direction, respectively and ¯̄I is

2 No Author Given

2 Modeling

2.1 Bidomain model

We consider two parts of the cardiac tissue that should have be isolated during
ablation (RFA or PFA). We denote by DPV one of the pulmonary vein domain
and by DLA the rest of the left atrium. In our modeling the ablated area is
assumed to be small and we consider that it is represented only by the interface
between the two domains � = DLA \ DPV. PFA, RFA and fibrosis after RFA
will be modeled through the transmission conditions on � . We also define the
exterior boundaries �LA = @DLA \ � and �PV = @DPV \ � .

Inside the cardiac tissue, we will consider the well-known bidomain model [1],
widely studied in literature. This is a non linear reaction-diffusion partial differ-
ential equation (PDE), coupled with an ordinary differential equation (ODE),
representing the cellular activity. In particular, considering a quite simple phe-
nomenological ionic model, equations can be rewritten in terms of the intra-
cellular potential (ue +vm), the extra-cellular potential ue and the ionic variable
w. Moreover, in order to simplify notations, a transmembrane potential vm can
be introduced and defined as vm := (ue + vm) � ue. The system of equations
reads as

Am(Cm@tvm + Iion) �r · (¯̄�i ·r(vm + ue)) = 0, DLA [DPV ⇥ (0, T ),

r · ((¯̄�i + ¯̄�e)rue) + r · (¯̄�i ·rvm) = 0, DLA [DPV ⇥ (0, T ),

@tw + g(vm, w) = 0, D ⇥ (0, T ),

(1a)

(1b)
(1c)

where the functions Iion and g are defined as in the model proposed by Mitchell
and Schaeffer [4], Am, the fraction of membrane area per unit volume and Cm,
the membrane capacitance per unit surface. We assume that the heart is iso-
lated, so we make the standard assumption that the extra- and intra- cellular
currents do not propagate outside the heart meaning that we consider Neumann
homogeneous boundary conditions on �LA [ �PV,

(¯̄�i ·rvm) · n̄ = �(¯̄�i ·rue) · n̄, �LA [ �PV ⇥ (0, T ),

(¯̄�e ·rue) · n̄ = 0, �LA [ �PV ⇥ (0, T ),

(1d)

(1e)

where n̄ is the outside normal of �LA [ �PV. More precisely, we consider here
the surface bidomain model proposed in [5], particularly well-suited to the atria
very thin walls. This amounts to considering DLA (resp. DPV) as the midsurface
of the left atrium (resp. one of the pulmonary vein) and the following description
for the anisotropic intra- and extra-cellular conductivity tensors,

¯̄�i,e = �t
i,e

¯̄I + (�t
i,e � �l

i,e)
⇥
I0(✓)⌧̄0 ⌦ ⌧̄0 + J0(✓)⌧̄

?
0 ⌦ ⌧̄?0

⇤
, (2)

where �t
i,e and �l

i,e denote the conductivity coefficients in the intra-cellular
medium measured along and across the fiber direction, respectively and ¯̄I is

<latexit sha1_base64="xrFq9aHlLux83YZBihFUpyZodVc="></latexit>
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and conductivity tensors [1] defined as
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(¯̄�i ·rui) · n̄ = 0, (¯̄�e ·rue) · n̄ = 0,

and transmission conditions on  to close the system.Γ

The EP area is 
reduced to an 
interface!

[1] Chapelle, D., Collin, A., & Gerbeau, J. F. (2013). A surface-based electrophysiology model relying on asymptotic analysis and 
motivated by cardiac atria modeling. Mathematical Models and Methods in Applied Sciences, 23(14), 2749-2776.
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…and transmission conditions on  to close the system.Γ

RFA: Kedem-Katchalsky conditions.
Perfect Isolation

Fibrosis
Continuity
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PFA: zero order transmission conditions


(i) Continuity of extra-cellular potential and its derivative


 
(ii) Isolation of intra-cellular potential
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Numerical simulations [1]: 
[1] Electrocardiology Modeling after Catheter 
Ablations for Atrial Fibrillation. S. Nati Poltri, G. 
Caluori, P. Jaïs, A. Collin, C. Poignard. FIMH 
2023.

• Numerical resolution: Finite Element Method, BDF 2, FreeFEM++


• Non-overlapping Schwarz-type algorithm for PFA  
(penalty parameter chosen very carefully through a mathematical 
study)


• Weak coupling for RFA


• Mesh, fibers and codes are available here:  
https://gitlab.inria.fr/snatipol/af-pfa-rfa 

RFA vs PFA

https://gitlab.inria.fr/snatipol/af-pfa-rfa
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Numerical simulations [1]: 


Transmembrane potential 


AF RFA (α = 10−4) PFA

-0.08 0.02 (V)vm

[1] Electrocardiology Modeling after Catheter 
Ablations for Atrial Fibrillation. S. Nati Poltri, G. 
Caluori, P. Jaïs, A. Collin, C. Poignard. FIMH 
2023.
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Numerical simulations [1]: 


Transmembrane potential 


AF RFA (α = 10−4) PFA

-0.08 0.02 (V)vm

Electrocardiology Modeling after Catheter Ablations for Atrial Fibrillation 7

Time

356 ms

200 ms

70 ms

44 ms

20 ms

430 ms

AF RFA PFA

500 ms

44 ms

-0.08 0.02 (V)vm

-0.025 0.035 (V)ue

Fig. 2. First column: before ablation. Second column: successful RFA (Equation (3),
↵ = 10�4). Third column: successful PFA. Lines 1 to 7: Snapshots of transmembrane
potential vm. Last line: Snapshot of extracellular potential ue.

the success of the ablation. However and contrary to RFA (second column), the
PFA maintains the continuity of the extracellular potential ue, see the last line
of Figure 2.

The effects of the ↵ parameter are shown in Figure 3. One can see that as it
increases – see the second and the third columns (↵ = 10�3 and ↵ = 10�2) – the
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PFA: continuity of extracellular potential  
(Only the cardiomyocytes are impacted)

RFA: quasi-complete decoupling of the  
two domains for all potentials  

(intra- and extra-cellular potentials)

Numerical simulations [1]: 


Extra-cellular potential 


[1] Electrocardiology Modeling after Catheter 
Ablations for Atrial Fibrillation. S. Nati Poltri, G. 
Caluori, P. Jaïs, A. Collin, C. Poignard. FIMH 
2023.
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Numerical simulations [1]: 


RFA-induced fibrosis

RFA (α = 10−3) RFA (α = 10−2)RFA (α = 10−4)

-0.08 0.02 (V)vm

Perfect isolation Partial disconnection

[1] Electrocardiology Modeling after Catheter 
Ablations for Atrial Fibrillation. S. Nati Poltri, G. 
Caluori, P. Jaïs, A. Collin, C. Poignard. FIMH 
2023.
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Conclusion 

• Asymptotic analysis of the static bidomain problem containing an EP 
area, treated by PFA


• Comparaison of model and simulations of RFA and PFA

Clinical Perspective (animal or patient data) 

• Extract geometry & catheter position from medical images


• Determine the electroporated area with a tissue PFA 
modeling (@Simon Bihoreau)


• Validate our model by comparing activation time obtained with our 
model with measured activation time after electroporation


• Final objective: predict the activation times depending the catheter 
position etc…

Conclusion
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Thank you for the attention


