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Sprays

Dispersed phase of particles (droplets, dust specks) within a gas
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Fig. 1. Sand flow regime in horizontal pipelines. -

(c) Leporini at al (2019) (d) Daniel-Wagner (2022)
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Modeling of a spray: fluid-kinetic coupling

B Unknowns for the gas: macroscopic quantities — fluid mechanics equation

o(t:;x) 20, u(t,x) €R’, e(t,x) 20, aft,x) € (0,1].

B Unknown for the dispersed phase : mesoscopic description — kinetic distribution function
f(t,x,v) >0

with v the velocity of the droplets.
Kinetic moments

op(t,x) = / f(t,x,v)dv, Jju(t,x)= / vi(t,x,v)dv

Hypothesis. The particles are monodisperse: all particle have the same radius r, > 0.

Critical quantity: fluid volume fraction

a(t,x) =1— %Wrg/f(t,x,v)dv
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A first example: Thin sprays a(t,x) ~ 1

Euler equations coupled with a Vlasov equation through a friction force

Of +v-Vif + DV, - (u—v)f)=0
Or0+ Vx-(ou) =0
d:(ou) + Vi - (ou @ u) + Vxp(0) = D [ps(v —u)f dv.

with pressure p = o7.
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The model problem: thick sprays «(t, x) € (0, 1]

Compressible Vlasov-Euler equation. Coupling through a friction force and
volume fraction.

Oif +v - fofvxp(g) -Vvf+ DV, - ((u - V)f) =0
Oe(ag) + Vi - (cvou) =0
Or(avou) + Vi - (vou @ u) + aVip(0) = Dy [o3(v — u)f dv.

With the fluid volume fraction v = 1 — 71} s fdv.

Our interest is in all regime 0 < a < 1.

This model is already very simplified compared to actual engineer model (See
Fox[23]).

L. Boudin, L. Desvillettes, and R. Motte. A modeling of compressible droplets in a fluid.

Commun. Math. Sci., 1(4):657-669, 2003.
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Some bibliography

B Models

B Models explicitly written as PDEs Williams [74'], Classification of sprays O'Rourke [81'].
B Discretization in Dukowicz [80'], advanced methods Fox [23'].

B Mathematical theory of Thin Sprays (a ~ 1):

B | ocal-in-time well posedness for strong solution Baranger-Desvillettes [06'], Mathiaud [10"]
B Global existence of weak solution in various settings, Anoshchenko-Boutet de Monvel-Berthier[97'],
Boudin-Desvillettes-Grandmont-Moussa[09'] and others

B | arge time behavior studied Han Kwan-Moussa-Moyano[20'], Ertzbischoff-Han Kwan[21']
B Mathematical theory of Thick Sprays (0 < a < 1) :

B Work on models Boudin-Desvillettes-Mottes [03']

Numerical work by Benjelloun-Desvillettes-Ghidaglia-Nielsen [12']
Linear stability studied in Buet-Després-Desvillettes [22']
Local Well-posedness for a regularized thick sprays model Buet-Després-F [23']

Local in time Well-posedness for the Navier Stokes (with diffusion) case and Penrose stable initial
data Ertzbischoff-Han Kwan [23']
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Linearized thick sprays model
For convenience, assume that there is no friction D, =0
B Start from nonlinear thick sprays equations with no friction D, = 0
Of +v-Vif —Vep(o)-V,f =0, x€T, veR,
() + Vi - (au) =0, x €T,
dr(cou) + V- (agu @ u) + aV,p(e) =0, x €T

B |inearize around Gaussian in v for the particles

oo(x) = cte
up(x) =0
fo(v) given

o(t, x) = 0o + €01(t, x) + O(e?)
u(t,x) = 0+ eui(t, x) + O(g?)
F(t,x,v) = B(v) + ey BIVA(E x, v) + O(E?)
B |t yjelds the linearized thick sprays equations with 71 = —gl/gg, cg =p'(00),
ag=1— %ﬂ'rs [ fodv.
— Qgcgivvﬁ)(v)
Vio(v)
4 3
@0000rT1 = agVx - ur + gﬂrpvx . v/fofi dv
R

2
@0 000tu1 = E0CH VxT1

Ocfi +v - Vify - Vi1 =0.
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Finding instabilities

Question: What are the particles profiles fo(v) which lead to stable or unstable

solutions ?
"Pure modes” are solution of the form

e(t,x,v, k) = P03y 1) keZ, wk)eC
Can generate classical solution with Fourier series

f(t,x,v) Ze (ee=w(k) 5y, k)

kEZ
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Instabilities 11

Take the linearized equations

/
ocfi +vohi - 2 g g,
NG

Or1 = Oxur + Ox - / vWh dv
R3
Oruy = OxT1

Injecting pures modes solution into this system leads to

kfy (v)
F
—iwf = ik7+i/ kvy/o(

—iwy = ikp3

(—iw + ikv)a(v) = —iB

Which lead to the dispersion relation

k2 f(v)
E—’_/v—w/kd‘/_l‘

CANUM 2024 - Victor Fournet 28/05/2024
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Instabilities

Theorem 1: Characterisation of unstable particles profiles

The linearized equations have exponentially growing modes if and only
if there exists k € Z and w € C with Sm(w) > 0 satisfying
K? fo(v)

w? v—w/k:1'

Example : two-bumps profile fo(v) = e~ (v e’(”"‘))z, v large enough
Two-stream instability

CANUM 2024 - Victor Fournet 28/05/2024 10
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Stability near a maxwellian profile

Take fo(v) = e~/ Start from the linearized equations:

0T =V -u+ V- vwWhf dv
R3
8tu = VXT
Of +v-Vif —\/fo(v)v: - Ver =0.
The linearized equations in X = L3(T3) x (L3(T2))* x L3(T? x R}) rewrites
U'(t) = iHU(t), H*'=H

where the self-adjoint differential operator H is

0 Ox O [yvi/fo(v)- dv
iH = 17) 0 0

vy/fo(v)dx O —vOx

One has linear stability because H is symmetric

, D[H]={UeX, HU¢€ X}.

d
LU x=0
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Structure of the spectrum

The long time behaviour of U(t) := (7(t), u(t), f(t)) = €™ (Tini, tini, fini) is
characterized by the structure of the spectrum of H.
A self adjoint operator induces the decomposition of the space

X = X" @ X ¢ XPP.

If fo(v) = e=*"/2, then H restricted to X = L3(T%) x (LS('JI‘i))3 x L3(T2 x
R3) is self adjoint and
B One has the inequality

Cxu

e

[ =2 —ie7u| < AER, £>0.

which yields the decomposition X = X*°.
B As a consequence one obtains a linear damping result

7(t) — 0 and u(t) — 0 in Li strongly, f(t) — 0 in L>2<,v weakly.

Christophe Buet, Bruno Després, VF. Analog of Linear Landau Damping in a coupled

Vlasov-Euler system for thick sprays. 2023. hal-04265990, submitted
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Numerical methods

B(cr0) + Dulcvou) = 0

8 (aou) + 8y (aou?) + adyp = 0
Ocf + vOxf — Oxpd,f =0

p(e) =¢7,v =14

2

B To get rid of the non convervation product adyp, we write the fluid part in conservation form
{Bt(ag) + Ox(cou) =0

4 4
O <agu + 571'!3 /R vfdv) + 8X(o¢gu2) + Oxp + Ox (57”3 /R vzfdv> =0 (3)

B The fluid part writes as 9;U + 9xF(U, f) = 0. The jacobian of F w.r.t to U = (U1, U,) is

0 1
AU, f) = VyF(U,f) = | —~(a—4rd fprav? N AT A —dard pvay) |
[ a’ Uy
The eigenvalues of the matrix A(U, f) are

At =ut M

CANUM 2024 - Victor Fournet 28/05/2024 13
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Numerical methods

Given (U", f") at a given time t".

B Compute f* by solving the free transport 0;f + vOxf = 0 with a semi-lagrangian scheme
during a timestep At with initial condition f".

B Compute ™! by solving d:f — 8, pd, f = 0 with a semi-lagrangian scheme during a
timestep At with initial condition f*.

B Compute U™ by solving 9;U + 8xF(U, f) with a Lax-Wendroff scheme during a timestep
At with initial condition (U", £™1).

B Given initial data (U", f"1), the quantity U"*! is computed by the Lax-Wendroff scheme:

At

U = U7 = S (RO A1) — RO, £7)
A (WU ) — RO 677) = AL olF(O7 77) — RO )

CANUM 2024 - Victor Fournet 28/05/2024 14
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Nonlinear simulations: Damping of the acoustic energy

Initial conditions:
=1 u=0,

fo(x,v) = (1 —|—6cos(kx))e_"2/2, e=10"°3

Orange curve o e ™) cos(Re(w)t), w(k) solution of :—22 + [ 5 (v)

v—w/k

10’3 B
10—5 4
10—7 4
109 4
— [lulle2(t) num
1074 —— Jufua(t) theo
20 40 60 80 100 120
103
10—5 4
107 4
100 4
10-11 4 lle = eollc2(t) num
— lle—eoll.2(t) theo
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Landau damping in plasma physics

Observation: The linear damping observed in thick sprays has similarities
with the Landau damping for Vlasov-Poisson

B First predicted by Landau[46'] for the
linearized Vlasov-Poisson system

1072
— — E(t) num
Of +v- -V f —E-V,fh =0, A
Vy-E=—[fdv 1073 4
around maxwellian equilibrium 10-4 ]
2
fO(V) — eV /2
1075 4

B | andau showed the damping of the electric
field 10-6

IE(®)|= O (™) cos(Re(w)) ),

with w(k) € C verifies a dispersion relation

107¢ 4
O, fy
/ & dv = k2. . . . . . . .
RV —w/k 0 10 20 E 40 50 60
B To show this, take the ansatz f(t, x,v) =
a(v)e~wte®  E(t,x) = BeTiwtex, Figure 1: Landau damping for (nonlinear)

Vlasov-Poisson
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Damping of the acoustic energy with friction

T — e — Iula®
[ 10 20 30 40 50 60 o 10 20 30 40 50 60
time time
Figure 2: D, = 1073 Figure 3: D, =101

CANUM 2024 - Victor Fournet 28/05/2024 17



. . . . ]
Sprays model and Landau damping Spectral analysis: stability ? Numerics NN \\\ \
000000 00000 O0000e Q- LU

Two-stream instability without friction

Initial conditions: , ,
00=1 w=0, f(x,v)=(1+ecos(kx))(e "7 fe-("t0)]) =103

101 4
10-3 4
107° 4
10-74 — [Ju|l g2 (¢) num
—— Jullz2(#) theo
T T T T T T T T T
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t
100 4
10-3 4
10~ 4
1077 1 llo = ool 22 (¢) num
— lle = ooll2(t) theo
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