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Let us consider a continuum of n-level systems described by the
Schrodinger equation

ip(t) = (H(a) + w(t)He(9))¥ (1), (1)

where w(-) is a real-valued control. Here we assume H(«) is determined
by an unknown parameter « in a closed and connected domain D of R™
and has the following structure

A(«) 0 0
H(Ot) _ 0 )\2(01) 0 . :
: 0 0
0 0 ()
where )\; : D — R is a continuous function for each j € {1,...,n}.
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Hc(9) is a self-adjoint matrix that describes the control coupling between
the eigenstates of the system and has the form

0 6120 ... O1n

Aoy = |2 ° O
: . n—1,n
51n 6n—1,n 0

We assume that each §j, is unknown but that it belongs to some closed
interval Ty = %, 3} in R such that 0 ¢ Ty
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For p,q € {1,...,n} s.t. p# g, one would like to find a uniform control
w(-) for the family of quantum systems s.t. if at t = 0, all systems are at
the same initial state ¢(0) = e, then at time T the systems are close to
final states of form e'’e, for some 6 € R.
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Two-level system with complex control

Consider a two-level system with a complex control
.d _(E+a  w(t)
g0 = (50 59 Yo, @

where « is in an unknown parameter in an interval [, a1]. For e > 0,
choose the control

€

. A(et)
we(t) = u(et)e” (CEHEE).

where u and A are real-valued functions on [0, T]. Let us apply the
change of variables

(3)

—i(Ee+2{D)
ORI A L 4)
e 2e

Ruikang LIANG  (shortinst) Ensemble control of n-level systems via comb  5/24



Two-level system with complex control

Then we can obtain that

d o fa—v(et) u(et)
Idtw N ( u(et) —a+ v(et)> v, (5)

where v(s) = A’(s)/2. Assume that

V(e —v(s)? +u(s? >0, vselo,T]. (6)

Then by adiabatic theorem (e.g. [Teufel, 2003]), when ¢ — 0, if W(0) is in
the eigenspace associated with A\, (0) (respectively, A_(0)), then the state
will remain close to the eigenspace associated with A (t) (respectively,

A_(1)).
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Two-level system with complex control

Fix T = 1. Define u(-) and v(-) as follow

\

V11

a1

(u(t). v(t))

Qo

Vo

Therefore, the solution 9 of (2) with initial state (0,1) and corresponding
to we satisfies [1(T /e) — (e”?,0)| < Ce for some 6 € R.
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Two-level system with real control

Consider a two-level system with a real-valued control

.d _(E+a  w(t)

o= (50 59, ) e, ™
and the real chirped pulse

we(t) = 2u(et) cos (2Et + A(et)/e), (8)

and apply the change of variables from (4). We obtain

d v [(a — v(et) u(et) ) LRt 6)} v, )

"at u(et)  —a+ v(et)
B 0 u(et)ei(4Et+2A(et)/e)
R(t,e) = (u(et)ei(4Et+2A(et)/e) 0 :

The adiabatic theorem discussed above is no longer valid.
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RWA(Rotating wave approximations)

If @« =0, the dynamics of a system with complex-valued control can be
simulated with a real-valued control. For € > 0, consider the control

we(t) = 2eu(et) cos(2Et + A(et)). (10)
Applying the change of variable

e i(Et+A(et)/2) 0 R
)) 60,

w0 = ("0 e (11)

and the change of variable ¢)(s) = 1)(et), we obtain

i%@l = K_U‘ES) 58) + <e_,'(4Es/6+02A(S))u(5) MES/EJFZA e )ﬂ v

By classical averaging result, the second term induces a perturbation of
order € to the solution.
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RWA(Rotating wave approximations)

However, when the resonance is not precisely known « € [ag, a1],

s (g o) votea]

where B(s, €) denotes the second term in the previous equation. The
adiabatic following is no longer valid since lim._,0 a1 /€ = +00 and
lime_y0 g/ = —o0.

Combination of RWA and AA ( Robin, Augier, Boscain, Sigalotti,

2022)
Consider two time scales €1, €2 > 0 and a control law of the type
A t
Wer e (£) = 2e10u(ereat) cos <2Et + M) . (12)
€1€2

Here u, A are real-valued smooth functions on [0,T] and 6 € R* is an
unknown parameter.

T = = — SaRet
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Combination of RWA and AA in population inversion

Theorem (Robin, Augier, Boscain, Sigalotti, 2022)
Assume that vop < 0 < v; are such that 3(E+ vp) > E+w1. Fix T >0
and u, A : [0, T] — R smooth (e.g., u € C? and A € C3) such that
@ (u(0),A’(0)) =(0,2vp) and (u(T),A'(T)) = (0,2v1);
@ Vse(0,7),u(s) >0and A”(s) > 0.
Denote by ¢, ., the solution of (7) with initial condition ¥¢ _ (0) = (0,1)

€1,€2
and control we, ¢, as in (12). Then for every Ny € N, for every compact
interval | C (vp, v1), there exist Cp, > 0 and 7 > 0 such that for every

a € I and every (e1,€) € (0,1)?,

Vere(T/(€162)) — (€,0)] < Cp, max(ez/er, €07 /er) (13)

for some 6 € R. Moreover, the constant Cy, can be taken locally uniform
with respect to the parameter 6 > 0 appearing in (12).
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Combination of RWA and AA in population inversion

The conditions in the theorem ensures that we can simulate the dynamics
d v(ereat) — o eru(erent
awslow = < ( ) ( ) ¢s|ow- (14)

eru(ereat)  —v(ereat) +

A non-classical adiabatic theorem can be applied with an error O(ez2/€1).
\

V1

a1

(e1u(t), v(D)

Qo

Vo1
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N-level system

Recall the n-level system

)\1(05) 61,2w(t) c 51,,,w(t)
li?ﬁ(t) _ 51,2%‘}(1:) )\2(01) : w(t)’
dt : . 5n—1,nw(t)
d1,nw(t) e On—1,nw(t) An(@)

and the control law

Were, () = 2€1u(ereat) cos ( /0 t f(elezf)m) , (15)

where u, f : [0, T] — R are functions to be chosen.
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Let us assume that for all 1 < j < k < n, and for all &« € D,
Ak(a) = Aj(o) > 0. Fix 1 < p < g < n and assume that there exist
0 < vp < v1 such that
@ For a € D, M\p(a) — Ag() € (o, v1) and, for all 1 < j < k < n such
that (j, k) # (p, q), we have that Va € D, A(a) — A\j() € [vo, v1].

Q Forall1<j<k<nandall a €D, \(a) = \j() & [2vp, 2v1].
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Then we can fix T > 0 and take u, f € C?([0, T],R) such that
) (u(0),£(0)) = (0,w) and (u(T),f(T)) = (0, v1);
i) Vs € (0, T),u(s) >0,f'(s) > 0.

Denote by v, , the solution of (1) with initial condition v, (,(0) = e,
and the control law we, ¢, as in (15). Then there exist C > 0 and > 0
such that for every a € D and every (e1,€2) € (0,7)2,

T . € €
‘ Yey e (q@) —exp(if)eq|| < C max (1, 2> (16)

€2 €1
for some 6 € R.
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For E€ER and 1 <j < k < n, let us define

Ay(E) = {exp(iE)ejk + exp(—iE)ey if j < k,

cos(E)e;j ifj =k,
' _ [iexp(iE)ej — iexp(—iE)ey if j < k,

Forl1<j<k<nando€Z, d)ﬁ(t) is defined by

qﬁj'k(t):()\j—/\k)t—i-o/o Ferear)dr.

Let us recast (1) in the interaction frame v (t) = exp(—itH(a))y;(t). The
dynamics of v, is characterized by the Hamiltonian

n—1 n
H/(t) = Z Z 5j,ku(6162t) [Ajk (qulk(t)) + Ajk (gbﬁ(l(t))} .

j=1 k=j+1
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Assume that hypothesis 1 of Theorem is satisfied. Then there exist a
function Xi(t) on [0,1/(e1€2)] and a change of variables

i(t) = exp(ien Xa(t))dha (2), (17)
such that the dynamics of 1/31 is characterized by the Hamiltonian
Fi(t) = e16pqu(ereat) Apg (0pq(t)) + Z et (ereat) A (65 (1))

U,k,o)eTd
+ O(e} + éle2),

where 7 = {(j, k,0) |1 <j < k < n,o €{-2,0,2}} and hf (") are
functions on [0, 1].
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Similar to the reasoning above, with Hypothesis 2, there exist a function
Xo(t) on [0,1/(e1€2)] and a change of variables

d1(t) = exp(ief Xa(1))a (1),

such that the dynamics of 1/32(1“) is characterized by the Hamiltonian

A

Fo(t) = Au(t) + 6%%Xg(t) + 0@

= €10pqU(€1€2t)Apg (qﬁll,q(t)) + Z e%hj(-)j(elezt)ejj + O(& + e).

j=1

Since u(0) = u(1) = 0, we deduce that h%(0) = h% (1) = 0 for every

(j, ko) € J. Then X1(0) = X, (6152) — 0 and X(0) = X» (%) —0.
Hence, 1/)/ (0) = 12;1 (0) = ’(2;2( ) and 1/)/ <6162> ¢1 (6262> = 12;2 (62162).
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Assume that 1;(0) € V = span (ep, e,), let us first project Ha(t) on V
and introduce the following truncation

Hrwa(t) = 61((5pq1—1(51621-)’4[3(1 (Cb,:gq(t)) + Z 6%/’)2(61621’)9]'1‘,
ji€{p.q}

and the system

L na®) = Hoo(Wnua(0). tra(0) = 11(0).

We can prove that

11 (1/(162)) = rwa (1/(e162))|| = O(ef /2 + €1).
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Introduce the unitary change of variables with ¥a(t) = U(t)siow(t) with
U(t) = epp + exp (—igb,qu(t)) eqq- (18)
The dynamics of )0 is characterized by the Hamiltonian

Heiow (t) = e%hgp(elez t)epp + €10pqu(ereat)(epq + €gp)
+ (()\2 — A1 — f(ereat) + e%hgq(elegt))eqq.

It has been shown in [Robin, Augier, Boscain, Sigalotti, 2022] that the
diagonal terms €2hJ (e1€at)eqq and €5hd (e1€at)ep, can be neglected
when applying the adiabatic theorem.
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\
Vi

max(Ag(a) — Apla))

(e1u(t), (1))

min(Aq(a) — Ap(a))

Vo

We can then apply Lemma 30 in [Robin, Augier, Boscain, Sigalotti, 2022]
and obtain that, for the control w, ¢,() given in (15), there exists C' > 0
such that for ¥na(0) = e,

o [Wma (1/(1¢2)) — exp(ib)eq|| < C'ea/er.
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We deduce that, in the interaction frame, there exists C > 0 such that

2
Yy ( 1 ) — exp(if)eq|| < C max <61, 62) .
€1€2 €2 €1

1 e e
VYey e <6162> — exp(if)eq|| < C max <e; 61)

We can thus conclude the proof.

min
0€[0,27]

It follows that

min
0€[0,27]
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Consider a system as in (1) with drift and control Hamiltonians
0 0 0 015
Ha)=10 154« 0], H.=|[1 0 5
0 0 8 550
In order to realize a population inversion between the first and the second

eigenstates, we fix T =1, (e1, €2) = (1072,1077/2), 9, ,(0) = (1,0,0) T
and use the control law given in (15) with vo = 1, v; = 2.5. The fidelity at

s € [0,1] is defined as
S i
¢€1752 <6162> —€ 0eq :

Here, the target state e, = (0,1,0)".

fi =1— mi
d(S) Herfg)l,gw]
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Example

Convergence of the fidelity
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