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Parameter-dependant conservation laws

Consider the problem

Oru(t, z,€) 4+ div, f(u(t, z,€),6) =0, (t,z,6) e Ry xRN x =,
u(0,2,€) = w(z,€), (z,§) e RV x Z,

where = is a compact subset of RP for some p € N.
We can rewrite this problem in the following form:

Vi Fu(x,€);6) =0, xe D:=R, xRN + b

where u(+,&) is in a space V of functions defined on the domain D C R”
of "physical” (time and space) variables, by denoting x = (¢, z) and

F(u) = (u, f(u))
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Measure-theoretic approach to conservation laws

We adopt a measure-theoretic point of view of conservation laws, by
considering measure-valued solutions [DiPerna 1985]!.

To a classical solution u(x) corresponds a measure-valued solution (a map
from D to the set of measure on R)

8“‘?&) uls)
,ux(dy) = 5u(x)(d)/) i
— rd Su(,‘z)

X, Xy X

and the associated occupation measure v on D x R supported on the
graph of u

v(dx, dy) = ux(dy)dx.

IDiPerna, R.J.: Measure-valued solutions to conservation laws. Archive for Rational
Mechanics and Analysis (1985)
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Measure-theoretic approach to conservation laws

Consider the problem
Vx:F(u(x))=0, xe DCR"

with boundary conditions v = ur on I’ C 9D.
@ It admits a weak form

/ Vxp(x) - F(u(x))dx — /gb(x)n - F(ur(x))dx =0
D r

Le(¢)

for some class of sufficiently smooth functions ¢.
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Measure-theoretic approach to conservation laws

Consider the problem
Vx:F(u(x))=0, xe DCR"

with boundary conditions v = ur on I’ C 9D.
@ It admits a weak form

/ Vxd(x) - F(u(x))dx — /gb(x)n - F(ur(x))dx =
D r

Le(¢)

for some class of sufficiently smooth functions ¢.
@ It even admits an ultra weak form on the measure-valued solution

Hx = 5u(x

/ / Va6(x) - F(y) () ~Lp(0) = 0

(dX dy)

which is a linear equation in s, (or v).
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Measure-theoretic approach to conservation laws

In order to pick one of the solutions of the weak form, we impose
additional conditions.

@ Introduce a class £ of "entropy” functions E : R — R" such that
E'(u) =n'(u)F'(u)

for some sufficiently smooth and convex function 7.
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Measure-theoretic approach to conservation laws

In order to pick one of the solutions of the weak form, we impose
additional conditions.

@ Introduce a class £ of "entropy” functions E : R — R" such that

E'(u) = n'(u)F'(u)

for some sufficiently smooth and convex function 7.
o Consider the stronger form

/de>(x E(u(x))dx — Le(¢) > 0, VE € &,

and for all ¢ in some class of sufficiently smooth and positive test
functions.
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Measure-theoretic approach to conservation laws

In order to pick one of the solutions of the weak form, we impose
additional conditions.

@ Introduce a class £ of "entropy” functions E : R — R" such that

E'(u) = n'(u)F'(u)

for some sufficiently smooth and convex function 7.
o Consider the stronger form

/VXQS(X E(u(x))dx — Le(¢) > 0, VE € &,

and for all ¢ in some class of sufficiently smooth and positive test
functions.

e If £ contains the functions F(u) and —F(u), this includes the
previous weak conditions and introduce new ones.
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Measure-theoretic approach to conservation laws

In order to pick one of the solutions of the weak form, we impose
additional conditions.

@ Introduce a class £ of "entropy” functions E : R — R" such that

E'(u) = n'(u)F'(u)

for some sufficiently smooth and convex function 7.
o Consider the stronger form

/VXQS(X E(u(x))dx — Le(¢) > 0, VE € &,

and for all ¢ in some class of sufficiently smooth and positive test
functions.

e If £ contains the functions F(u) and —F(u), this includes the
previous weak conditions and introduce new ones.

@ The solution is called the entropy solution for the class £.
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Measure-theoretic approach to conservation laws

The problem then admits an entropy measure-valued solution i, for the
class &, such that

/ / V,(x) - E(y)o(dx, dy) — Le(6) > 0, VE € &,

and for all ¢ > 0 in some class of smooth functions. Under some
(smoothness) conditions, we prove that p, = du(x) With u the entropy
solution.
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Measure-theoretic approach to conservation laws

We end up with a linear formulation in the occupation measure v

/ V,6(x) - E(y) v(dx, dy) — Le(6) > 0, VE € £

which is a set of linear inequalities in v.

o If test functions ¢ and entropy functions E are polynomials in x and
y, it yields linear inequalities in the moments of v.
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Measure-theoretic approach to conservation laws

We end up with a linear formulation in the occupation measure v
[ Vo) E) v dy) - Le(@) 2 0, VE € €

which is a set of linear inequalities in v.
o If test functions ¢ and entropy functions E are polynomials in x and
y, it yields linear inequalities in the moments of v.

@ For piecewise polynomial functions ¢ or entropies E (e.g. Kruzhkov's
entropies), possible reformulation with multiple measures.
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Measure-theoretic approach to conservation laws

We end up with a linear formulation in the occupation measure v
[ Vo) E) v dy) - Le(@) 2 0, VE € €

which is a set of linear inequalities in v.

o If test functions ¢ and entropy functions E are polynomials in x and
y, it yields linear inequalities in the moments of v.

@ For piecewise polynomial functions ¢ or entropies E (e.g. Kruzhkov's
entropies), possible reformulation with multiple measures.

@ The occupation measure v has for marginal in x the Lebesgue
measure A\(dx) = dx. Restricting the problem to compact domains,
this yields conditions

Mq0(v) = ma(A) Ve
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Measure-theoretic approach to conservation laws

@ In a polynomial setting, the problem is recasted as a moment problem
min G(m(v)) s.t. Am(v) > d
v

with some function G of the moments y = m(v) of v.
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Measure-theoretic approach to conservation laws

@ In a polynomial setting, the problem is recasted as a moment problem
min G(m(v)) s.t. Am(v) > d
v

with some function G of the moments y = m(v) of v.

@ We then use a moment-SOS hierarchy that consists in minimizing
over a truncated moment sequence y(") = (ya)|a|§2r. reN.
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Measure-theoretic approach to conservation laws

@ In a polynomial setting, the problem is recasted as a moment problem
min G(m(v)) s.t. Am(v) > d
v

with some function G of the moments y = m(v) of v.

@ We then use a moment-SOS hierarchy that consists in minimizing
over a truncated moment sequence y(") = (ya)|a|§2r. reN.

e To favorize approximate measures (") that are concentrated, we can
choose (for a relaxation order r)

G(m(v)) = Tr(M(v)), M (m(v)) =/¢r(x,y)¢r(x7y)TV(dX7 dy),

where ¢,(x) = (x¥)|q <, is a basis of the space of polynomials of
degree < r, which is a convex relaxation of a minimization of the rank
of the moment matrix M,(m(v)).
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Moment methods to parameter-dependent conservation

laws

The approach can be extended to parameter-dependent equations

Vi Flu(x,£);§) =0, xe DCR" 4+ b.c.

@ Reformulation of the problem in terms of the occupation measure v
over D x = x R supported on the graph of the solution u(x, &)

V(dX, d¢, d)/) = dXP(df)5u(x,§)(dY)

with p some measure on the parameter space =.
Requires new notions of weak-parametric entropy (measure-valued)
solutions.
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Moment methods to parameter-dependent conservation

laws

The approach can be extended to parameter-dependent equations

Vi Flu(x,£);§) =0, xe DCR" 4+ b.c.

@ Reformulation of the problem in terms of the occupation measure v
over D x = x R supported on the graph of the solution u(x, &)

V(dX, d¢, d)/) = dXP(df)5u(x,§)(dY)

with p some measure on the parameter space =.
Requires new notions of weak-parametric entropy (measure-valued)
solutions.

@ Then apply a SOS hierarchy to get approximate moments of v.
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Moment methods to parameter-dependent conservation

laws

Given approximate moments, different post-processing are possible.
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Moment methods to parameter-dependent conservation

laws

Given approximate moments, different post-processing are possible.
@ Directly estimate quantities of interest

/ g(x.€, u(x, €))dxp(de) = / g(x.€,y)v(dx, dt, dy)

where g is a polynomial or well approximated by polynomials.
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Moment methods to parameter-dependent conservation

laws

Given approximate moments, different post-processing are possible.

@ Recover the graph of the solution using Christoffel-Darboux
approximation method [Marx et al. 2021]2.
If M,(m(v)) is invertible, the Christoffel-Darboux kernel is defined by

Hz/,r(ay b) = ¢r(a)TMr(V)_1¢r(b)'

Exploit the fact that the Christoffel-Darboux polynomial
kur((X,€,Y), (x,&,y)) tends to localize on the graph of u and
approximate

U(X, f) ~ arg;nin ’KLVJ((Xa an)a (Xa fay))

2Marx, S., Pauwels, E., Weisser, T., Henrion, D., Lasserre, J.B.: Semi-algebraic
approximation using Christoffel-Darboux kernel. Constructive Approximation=(2021)
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lllustration : Burgers equation

Consider the solution u(t, x, ) of the Riemann problem for the Burgers
equation

Oru+ 0, (u?/2) =0, t €[0,1/2], x € [-1/2,1/2] (%)

with parametrized initial condition

1 ifx<%(§—1),
UO(Xag) = . 1
OlfoZ(é—l).
With (t,x) = x and F(u) = (u, u?/2), (%) writes

VxF(u(x,&)) =0.
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lllustration : Burgers equation

Solution u
Solution u
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Figure: Graphs of the approximate solution for different relaxation orders r and

£=0
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lllustration : Burgers equation
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Figure: Graphs of the approximate solution for different relaxation orders and

exact solution, at fixed £ and time t = 1/4.
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Thank you for your attention
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