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Dimensionality Reduction and
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4+ Single-cell RNA-seq

MetaCell: analysis of single-cell RNA-seq ' ")

Technical noise due to ) -~
data using K-nn graph partitions

partial sampling of RNA
Lo Yael Baran', Akhiad Bercovich', Arnau Sebe-Pedros’, Yaniv Lubling', Amir Giladi?, Elad Chomsky', Zohar Meir,
mOleCU,leS Wlthln Cells . Michael Hoichman', Aviezer Lifshitz' and Amos Tanay'

Problem : impossible to resample a cell

integration of data from different cells

need to separate the sampling effect from biological variance

could have been resampled from the same cell

o C9\ 4+ We would like to

o> choose the granularity
& 9 of the output data

Metacell



Dimension reduction



Dimension reduction

4 Preserving geometric properties

p (large) d (small)
: : X € R™P 7 e Rnxd
l d<p Sl
_____ i
Dataset X Embedding Z pode




Dimension reduction

4 Preserving geometric properties

p (large) d (small)
: : X € R™P 7 e RnXd
d<p L
_____ i
Dataset X Embedding Z pode
4+ Affinity Matrices
p
< >
=
X
=
%
—
Xn Cells

- Afﬁnity Dataset X @ @ @ @ <‘>’

Symmetric matrix with non-negative coeflicients.

Coeflicient (¢,j) = similarity between x; and x,.



Dimension reduction

4+ A general optimization problem

n

7c Rnxd
1,]=

I3 .
D

min L <[CX]ij ) [Cz]ij> forsomeloss L : R X R — R
1




Dimension reduction

4+ A general optimization problem

min Cylii s [C i-) .
o, ijzzl ([ xlij » [C2]; ) forsomeloss L: RXR — R

4 Principal components analysis

Hist. of projected data

14 - —_— r;—:construction el*rror :
—— variance of proj. data —
o Original 2D data 1> - | (Pearson, 1901)
10 - i
> : Minimizing the reconstruction error
i I
0 8 :
|
6 .
-5 - I _
; min 2:, Ix; = P13
10 | 4 - | H.dim(H)=d n
-10 0 10 :
2 [
|
I
0 - |

10



Dimension reduction

* ° ° °
A general optimization problem C,
n
min L ([Cx]ij ; [Cz]ij> forsomeloss L : RXR — R
ZeR™d &
i,j=1
4 Principal components analysis
Hist. of projected data
14 - —_ r:aconstruction el*rror St
—— variance of proj. data .
o Original 2D data 17 - | (Pearson, 1901) (Torgerson, 1958)
5 - 10 | Preserving the inner products
0 8- i n o)
-5 - . | 1L Z <<Xiv X;) — (2, Zj>>
4. ! ZeR™4 1
-10 T I 1=
-10 0 10 :
27 |

10

1
Z «— EVD(—XX")
n



Dimension reduction
4+ Spectral methods

n

2
Jmin, 3 (16l = ¢25))
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Dimension reduction
4+ Spectral methods

Cy >0 — ,—

- * o o0 T

X *  solution 27 = WALy Aava)
Inllld E , [CX]ij — (Zl-, Zj> —» ]. i-thlaregest eicenvalue of C

ZeR" o (Eckart & Young, 1936) ! 5 5 *

with eigenvector V;

[Cxli; = (P(X)), Cb(Xj»%



Dimension reduction

4+ Spectral methods
Cy >0

> 7 T
o = WAV oy Agva)
min Z ([CX]ij — <Zi’ Zj>> M’ /1 i-th lar

ZeRM<d — Eckart & Young, 1936) gest eigenvalue of Cy

with eigenvector V;

4+ Kernel PCA Cy > 0 [Cxli; = (D (X)), p(X)) o
PCA: Cy = XX (Z « SVD(X))

(Scholkopf, 1997)



Dimension reduction

4+ Spectral methods
Cy >0

. B 7* = \/A T
min [Cy].; — <Z- Z-) solution ( 1V1> "0y ;tdvd)
Ay v . /1 i-th lar

' lue of
ZcR"*d — Eokart & Young, 1936 gest eigenvalue of Cy

with eigenvector V;

4+ Kernel PCA Cy > 0 [Cxli; = (D (X)), p(X)) o

PCA: Cy = XX (Z « SVD(X))
(classical) Multidimensional scaling: Cy = — EHDXH

(Scholkopf, 1997)



Dimension reduction

4+ Spectral methods
Cy >0

. B 7* = T
min [Cy ] — (z, z-) solution WV A4VE 0y 4qVa)
Ay v . /1 i-th lar

' lue of
ZcR"*d = Eokart & Young, 1936 gest eigenvalue of Cy

with eigenvector V;

4+ Kernel PCA Cy > 0 CX] (P(X)), Cb(X))%

PCA: Cy = XX (Z « SVD(X))

(classical) Multidimensional scaling: Cy = — EHDXH

Laplacian Eigenmap (spectral embedding): C, = L.
(Belkin & Niyogi, 2003) :

Locally Linear Embedding, Ditfusion Map ...

(Roweis & Saul, 2000) (Coifman & Lafon, 2006)

- 1§ rca

Spectral §
embedding




Dimension reduction

Total citations  Cited by 36223

2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023 2024

4 Neighbor embedding methods

min KL(C =, [C i.)
ZeR"xd ijzzl [ X]] [ Z]J




Dimension reduction

Total citations  Cited by 36223

2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023 2024

4 Neighbor embedding methods

min KL(C =, [C i.)
ZeR"xd ijzzl [ X]] [ Z]J

4+ Kullback-Leiber divergence

KL(a,b) = alog(a/b) —a+ b = Dyla, b)
Shannon-Boltzman entropy gb(x) = X log(x) —x+1

2
KL(a, b) (a—Db)

0.00010 1.12
0.0048

0.00008 0.96

: .004
0,80 0.0040
0.00006 L 0.64 0.0032
Q

! 0.0024

0.00004 0.48
0.32 0.0016

0.00002

0.16 0.0008

0.00

L

0.02 0.04 0.06 0.08 0.10
a

0.0000



Dimension reduction

Total citations  Cited by 36223

2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023 2024

4 Neighbor embedding methods

When )| [Cxl; = D [C/]; (same mass)

min Z KL <[CX]U- : [CZ]Z.]) ~ min _Z_:[ xly log o
ZER™d £ ik
L,j=1 KL

4+ Kullback-Leiber divergence

KL(a,b) = alog(a/b) —a+ b = Dyla, b)
Shannon-Boltzman entropy gb(x) = X log(x) —x+1

2
KL(a, b) (a—Db)

0.00010 1.12
0.0048

0.00008 0.96
: .004
| 0.80 0.0040
0.00006 | 0.64 0.0032

Q

i 0.0024

0.00004 0.48
0.32 0.0016

0.00002

0.16 0.0008

0.00

L

0.02 0.04 0.06 0.08 0.10
a
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Dimension reduction

Total citations  Cited by 36223

2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023 2024

4 Neighbor embedding methods

When )| [Cxl; = D [C/]; (same mass)

. n L] | " i,zj 1 [CX]ZJ
min ) KL ([CX]U., [CZ],.J.) ~ min, 31y toe 1
= nx

i,j=1 KL

4+ Kullback-Leiber divergence

4+ What choices for C,, C,? KL(a,b) = alog(a/b) —a + b = Dy(a, b)
4+ Encode the non-linear geometry Shannon-Boltzman entropy ¢(x) = xlog(x) —x + 1
4+ Some kind of normalization o KL(a, b) . (a = b)>

: - | | 0.0048

4+ Robustness to noise, varying 00008 gzg 008

denSity 0.00006 i 0:64 0.0032
Q

4 Similar for both high and low dim  o.00004 .48 o0

0.32 0.0016

0.00002 0.16 0.0008

0.00 0.0000

0.02 0.04 0.06 0.08 0.10
a



Dimension reduction

4 SNE (Hinton & Roweis, 2002)

Embedding space

exp( —||z; — ZJH%)
[CZ]ij —

2 exp( —llz; — ]I3)

(=P31D))




Dimension reduction

4 SNE (Hinton & Roweis, 2002)

Input space

[CX]lj —

Embedding space
2
exp( —||z; — z[3)

2 exp( —llz; — ]I3)

exp( —||x; — Xj||%/26i2)
> exp( —=Ix; = x¢[13/267) [Cl; =

(=P31D))




Dimension reduction

4 SNE (Hinton & Roweis, 2002)

Input space

exp( —||x; — Xj||%/26i2)

[CX]lj —

2., exp( —[1x; — X |5/207)

Local bandwidths optimized s.t.
Vi, entropy( [Cx];. ) = log(perplexity)

Perplexity = etfective number of neighbors

Account for varying density

20

- 15

-10

LN ]
A
A‘t A 5
A
A A i

o
.\\

with fixed perplexity

I

- 15

- 10

Embedding space

exp( —||z; — ZJH%)

C .o
ean 2. exp( —[lz; — z[|3)

(=P31D))




Dimension reduction

4 SNE (Hinton & Roweis, 2002)

Input space

[CX]lj —

Embedding space
2
exp( —1z; — z;|2)

Y exp( —llz; — 73

exp( —||x; — Xj||%/26i2)
> exp( —Ix; — x;[|3/267) [Cl; =

Local bandwidths optimized s.t.

Vi, entropy( [Cx];. ) = log(perplexity) 4 (t)-SNE (Van der Maaten & Hinton, 2008)
Perplexity = effective number of neighbors

(=P31D))

Joint distributions:

exp( —llz; — zl3)

Account for varying density

[C)] = (= PG, j))
- 1 : | 0Ty exp( Iz, — z13)
':":F ~ 15 é: " [Cy].. < [CX]U " [CX]ﬁ
T N Ay 2n

N 01 =0y)="+*=0 10 | with fixed perplexity 10

Crowding effect: Student t-distribution

3 ) ~“ ‘2% I5 . o ‘44} S‘Z I instead of Gaussian in Z




Dimension reduction

4 SNE (Hinton & Roweis, 2002)

Perplexity = effective number of neighbors

[CX]lj —

Input space

exp( —||x; — Xj||%/20i2)

2, exp( —[Ix; — X¢[|5/267)
Local bandwidths optimized s.t.
Vi, entropy( [Cx];. ) = log(perplexity)

Account for varying density

Embedding space
2
exp( —1z; — z;|2)

.
> ez -z Y

[CZ]ij —

4 (t)-SNE (van der Maaten & Hinton, 2008)

Joint distributions:

exp( —llz; — zl3)

10 1

—10 1

o 15
| -F -
"'"-'\- - 15 5
B n
0
62 f— e — Gn '10

01:
°

]

T

with fixed perplexity

| e

ivoall K
A

_10_
A &7 sy

> O 2 06

perplexity

(=PG )

[C] =
20Ty exp( =z, — 713

I% [Cxlij + [Cxl;
G e

B Crowding etfect: Student t-distribution
I instead of Gaussian in Z '

BCTB BC1A. . .. -
. b A - BGBD- .

Lo L ,BC 9 . BCQB o . -

ot S - BCsA
« 8"

I P ot el e o P S0 ol
i Y] o ol Rl s o ST Y
Pl =i Pl o2 R e Ao T3 0D ol
o) el ) (T e ) N i ke
i 1T T T el T e e [ B
N s i i o WY A A B P
L [ =17, By e, Y
Y o o e £ el £ D
) ] o o B I e i P

I Pl i i e s ol ST i £

(Shekhar et al., 2016)



From linear Optimal Transport
to Gromov-Wasserstein

H He® o




From Wasserstein to Gromov-Wasserstein

4+ Classical optimal transport (in a nutshell)

A= y a.o
;t g;l&"n;ék
o

. -
‘1/ = Zk:bjéyj

> =1

a IIII IIIII b




From Wasserstein to Gromov-Wasserstein

4+ Classical optimal transport (in a nutshell)

. n

U = 2 aiéxl- n # k Find plan T & RZZ_Xk

i=1
O

. .

L 2 A 3) .. me 2 A yj)Tij

% . i
‘ U = 2 bj5Yj

> =1

a IIII IIIII b



From Wasserstein to Gromov-Wasserstein

4+ Classical optimal transport (in a nutshell)

) TTln = a
bu= Z a0y, n+k Find plan 7" € R?_Xk — Coupling le =)
.l=1 ' H(a7 b)
d(X;y;) ¢ AT Z d(Xi’ y])ZJ
‘. ---lg _® T -
O ‘ k gl
O Y = 2 by,

> =1

a IIII IIIII b

which constraints ?



From Wasserstein to Gromov-Wasserstein

4+ Classical optimal transport (in a nutshell)

A N Tl =a
p=>y as, n+4k FindplanTe Rk — Coupling 1. = b
;1 O I1(a, b) k
® 1 AV
C 3 JEN e me Z ax; j )T’J Semi-relaxed coupling
o @ ‘ k y TTl — ‘H*
) V= 2 bjéyj n=¢d .. ¢
> =l . . ~ assign in k-means ‘ *

which constraints ?

d
ald 1l ~ i, i, 30 dCc, )T




From Wasserstein to Gromov-Wasserstein

4+ Classical optimal transport (in a nutshell)

n TTl = d
A o . n
K= Z a;0x, n+k Find plan T € R’}er —» Coupling 1, =5>
;1 O [1(a, D)
. ® min Z X., V)T

C 3 R T ax; yf) Y Semi-relaxed coupling

o -. ) lj H*

‘ T'1 =a
> =l . . ~ assign in k-means ¢ *
which constraints ? ®

~/ min min Zd(x y)T.
all I IIIII b Tell(a,h) !
- .

4 Gromov-Wasserstein

n#k 4

7;~ . (Sturm, 2012) (Mémoli, 2011)
) z)

@




From Wasserstein to Gromov-Wasserstein

4+ Classical optimal transport (in a nutshell)

A i —» Coupli TTln =d
S et ' M,b) ="
X ® min Z X.,V: T T ,1 nxk

C 3 AV e T s yf) Y Semi-relaxed coupling < [0.1]

o ® k ] *

‘ T'1, =a
) V= 2 bjéyj n *
> =l ~ assign in k-means ® o *

which constraints ?

d
ald 1l ~min, min, ¥ dsy )7

4 Gromov-Wasserstein

- n#k 1’
Z~~ . (Sturm, 2012) (Mémoli, 2011)
g
~ z)
@

Quadratic OT: find the plan

min ZL <[C1 ik > [Cz]ﬂ> il ki

Tell(a,b) ik

~@



From Wasserstein to Gromov-Wasserstein

4+ Classical optimal transport (in a nutshell)

\ n s TTln =a
.” Q [1(a, b)
® 1 . . .. T 0,1 nxk
o 2% '?). o me Z A, )T Semi-relaxed coupling < [0.1]
O ¢ )] T
‘ ‘szbjéy. T ln—a *
.- . . ~ assign in k-means ° *
which constraints ? Z i« ®
~ min min X;

a llll IIIII b b Tell(a,b) -yl
4 Gromov-Wasserstein Z GﬂR )

n#k
Z\ 3/\’ (Sturm, 2012)  (Mémoli, 2011)
~”§ L/ . . v
.) 4 L measures distorsion T
® 2 : :
. ¢ [Crli = [Cz]ﬂ‘ ] |

4+ Goal : preserving pairwise

'.c. CLTTTT T TR Y
o s -

¢
’p;.cn““‘f&ii?

1
ic OT: find the pl . .
Quadratic OT: find the plan connectivity 1€ P(R?)
min Z L ([Cl i » LG Jl) il + Distance w.r.t. isomorphisms
Tell(uh) £

+ Difficult quadratic problem (NP-hard)



DR as OT in disguise

4 Dimension reduction

min L(C iy [C i-)
ZeR"™ i]Z=:1 [Cxlyj o 12Dy



DR as OT in disguise

4 Dimension reduction

n

min L(C iy [C i-)

Permutation equivariance

n
min min L([C]--,[C] . )
ZGRnXd O'ESn ljzzl X ) Z O'(l)G(])

equiv



DR as OT in disguise

4 Dimension reduction

n

min L(C iy [C i-)

Permutation equivariance

n
min min L([C]--,[C] . )
ZGRnXd O'ESn ljzzl X ) Z O'(l)G(])

equiv

equiv

n

min min Z L ([CX]ik, [CZ]J-,> PPy
ZERTC P =1



DR as OT in disguise

4 Dimension reduction
min Y L(ICy . [C1;)
1

ZERnXd ~
l,]=

Permutation equivariance
equiv

min min Z L <[CX]U ’ [CZ]O'(i)G(j))

ZeR™ eS8,

i,j=1
equivi
n
min min Z L ([Cx]ik» [CZ]J-,) PPy
ZeR™4 p
i,7,k,[=1

i?

4 Gromov-Wasserstein projection

min -~ min 2 L <[CX]ik , [CZ]jl) 131
ZER™ITENCE ) g




DR as OT in disguise

4 Dimension reduction

n
, C
min L <[CX]U 9 [CZ]1]> . 8
ZeR™4 il 4+ Equivalence holds for
I Permutation equivariance Spectral methods
equiv _ T
VP,Cpy; = PC4P Cx any matrix, L = | - ’, C,=2Z"

min min Z L <[CX]U ’ [CZ]O'(i)G(j))

ZeR™ eS8,

i,j=1
equivi
n
min min 2 L ([CX]ik, [CZ]J-,) PPy
ZeR™4 p
i,7,k,[=1

i?

4 Gromov-Wasserstein projection

min -~ min 2 L <[CX]ik , [CZ]jl) 131
ZER™ITENCE ) g



DR as OT in disguise

4 Dimension reduction

min i L ([CX]ij ) [Cz]l-]-)
1

ZeR™4 . 4+ Equivalence holds for
I Permutation equivariance Spectral methods
equiv _ T
VP, CPZ — PCZP Cy any matrix, L = | - |2, C, = ZZ7
n
I'IliIl IIliIl Z L <[CX]1] 0 [CZ]O'(l)G(])) AisCPD: Vx s.t. le — O, XTAX > 0
ZeR™ geS =~ =
i,j=1
equiv
n
min min 2 L ([CX]ik , [CZ]J-,) PPy
ZeR™4 p
i,7,k,[=1

i?

4 Gromov-Wasserstein projection

min  min_ Y L <[CX]ik , [CZ]].,) T,T,
zeR™ e ) G



DR as OT in disguise

4 Dimension reduction

n
. C
min Z L ([CX]U 9 [CZ]1]> . 8
ZeR™4 il 4+ Equivalence holds for
1 Permutation equivariance Spectral methods
equiv . T
VP,Cpy; = PC4P Cx any matrix, L = | - ’, C,=2Z"
n
min min Z L ([CX]U » [Col oo j)) AisCPD: Vxs.it. x'1=0,x"Ax>0
ZeR™ geS =~ = :
i,j=1 Neighbor embedding methods
equiv i * CX iS CPD, L =KL
n C, = diag(a,) K, diag(f,)
min min = > L(ICly s [C11) PyPu where logt,) is CPD
ZERTC P e

i?

4 Gromov-Wasserstein projection

min  min_ Y L <[CX]ik , [CZ]].,) T,T,
zeR™ e ) G



DR as OT in disguise

4 Dimension reduction

: C
min Z L (1 1C21;) | %
ZeR™4 il 4+ Equivalence holds for
1 Permutation equlvarlance Spectral methods
equiv . T
VP, C'PZ _ PCZP Cx any matrix, L = | - B C,=2727Z"
min min Z L ([CX]U- : [CZ]G(i)a(j)) AisCPD: Vxsit. x'1=0,x"Ax >0
ZeR™ geS =~ = : :
i,j=1 Neighbor embedding methods
equiv i * CX iS CPD, L =KL
n C, = diag(ay) K, diag(fy)
Zm[lill ] In}}n Z L ([Cx] ik » LC/] jl) P ijP ki where log(K,) is CPD
E n
.7,k [=1
W | e.g. K; =exp(—|z;— Z]”%)

i ? and its usual normalizations
: N T =1, K,d,=1, K1, =1
4 Gromov-Wasserstein projection Inkzly =147 +K21 .
/Z*n "~ n

min mln Z L <[CX]lk : [CZ]]Z) Tkl (Sinkhorn & Knopp, 1967)

nXd :
ZeR™ Tery(2z,1n) k] Beware that Cy is not always CPD.
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Distributional Reduction
X € R™P

1. 1
. n n
] o N min GW L(CX, C,,—, )
S ONCATEI Y ZeR™ non

= | . ~U min GW,(fi.v)




Distributional Reduction
X € R™P

. 1. 1
. o N~  min GW,(Cy, C,,—,—)
... d<p -_.. ZeR™4 n n
wn Oy N h GW,(i,,v)
V= n Z i=1 5Xl'

a
LI
oy
oy




Distributional Reduction

X e [R7XP 7 Rnxd

1.1
. o Y  min GW,(Cy, C,,—,—)
d<p e, ZeRr™ no-n

= .. A~ min GW(i,.0)
S Z U:% Z?zl 5Xi

X € R™P

4+ GW projection

k
min GW(i,, v U= b.6
ye@k(ﬂ%d) (//tn ) Z




Distributional Reduction

X € R™p 7 c Rnxd . 1 |
= S g min GW(Cy, C;,—,—)
d<<p g ZeR™¢ n-n
PR _> et . GW A
AU min GW(i,.0)
Lle Z U:% 2?21 5Xi
4+ Optimization problem
X € R™P 7 e Rkxd

1
min min GW,(Cy, C,,—, b)
ZeRMd pex, n

+ Find few prototypes in low dim.

+ Find the weights/ cluster size

4+ GW projection

k
min GW({,, v) v= ) bo
veg’k(Rd) (//tn 2




Distributional Reduction

7 Rnxd

11
Y  min GW,(Cy, C,,—,—)
ZeR™ n n

w O, | o~ _mn GWi(,v)

...... y:% 2?21 5Xi
T € [0,1]> 4 Optimization problem
XeR™P ___—— 7 € Rk*xd
k<<n T S : : 1n
.. d << ’ ....... min min GWL(CX9 CZ? T b)
Pl @ ZeRMX ey, n
' = e
Find few prototypes in low dim.
CX e R™" CZ e Rk Find the weights/ cluster size
4+ GW projection ) Clustering via the coupling T
. R (soft-assignment)
min GW(/’tnﬁ v ) V= Z b j5zj Sufficient conditions for hard

vE@k(Rd)

J=1 assignment (see paper)




Distributional Reduction

7 e Rnxd

11
A~  min GW,(Cy, C,,—,—)
ZeR™ n n

min  GW, (4 ,v)
(% CZ N y:% 2?21 5Xi L n

X € R™P I'e [O’l]nXk * Optimization P]_‘Oblem

k<<n T
d<p

;
L ]
LI
oy
oy

1
min min GW,(Cy, C,,—, b)
" ZeRMd pex, n

Find few prototypes in low dim.
CX e R™" CZ e Rk Find the weights/ cluster size
Clustering via the coupling T

k (soft-assignment)
UV = 2 bjézj Sufficient conditions for hard

J=1 assignment (see paper)

4+ GW projection

min GW(4,,v)
veg’k(Rd)

4+ A semi-relaxed objective min min Z L ([Cx]ik ; [CZ]jl> T;jTy; - easier than GW

d
(Vincent-Cuaz et al., 2022) ZeR™ r'Tl,=-"+ ijki



Distributional Reduction

I, 1
A  min GW,(Cy, C,,—,—)
non

= Rnxd

min

GW,(4,,v)
V=5 z?:l O, e

N/

T € [0,1]™

X = Rn)(p J—

' ..
2 -
1 By

CX
4+ GW projection

min GW(u,,v)
vE@k(Rd)

= Ran

4+ Optimization problem

k<n
d<p

L ]
e,
oy
oy

1
min min GW,(Cy, C,,—, b)
ZeRM> pey, n

Find few prototypes in low dim.

Find the weights/ cluster size

Clustering via the coupling T
(soft-assignment)
Sufficient conditions for hard

assignment (see paper)

4+ A semi-relaxed objective

(Vincent-Cuaz et al., 2022)

Non-convex problem

BCD: alternates optimin Z, in T

min min1 Z L ([CX]ik : [CZ]jl> 1Ty easier than GW

7 Rnxd . _1n

Optim in T: CG solver in O(n*k)for L € {KL,| - |*}
With low-rank structures O(nkr + n?)



Distributional Reduction

Input X Embedding Z
C(Z) (Gaussian)

[
® O
oe Cx(X) (SEA)
e 20 50 Lt .
o
S o* ll. o O
g0 l. i
: L "
Coupling T— ' ' ' '
Input X Embedding Z

Cz(Z) (Lorentz)

Y e .-.-"-__-.
S % Cx(X) (SEA)

« S ¢ ™ Fjfe %
¢ A % I' ,,,,,,,,
° St II.' <
]

Coupling T



Distributional Reduction

ll’l
4+ Single-cell dataset chenetal. 2019 Only solve anzn GW (Cy, Cy,—, b)
ex, n




Distributional Reduction

, 1
4+ Single-cell dataset crenetal 2019 Only solve min GW,(Cy, C,,—,D) with Cy = XXT
S n

SNA 1: PCA and
0] arda o C,=27"
- “? fixed on a grid
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