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Motivation

need to separate the sampling effect from biological variance

Problem : impossible to resample a cell

integration of data from different cells

Technical noise due to 
partial sampling of RNA 
molecules within cells.

✦ Single-cell RNA-seq

could have been resampled from the same cell

Metacell

✦ We would like to 
choose the granularity 

of the output data 



Dimension reduction
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✦ A general optimization problem

Dimension reduction X ∈ ℝn×p Z ∈ ℝn×d
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Dimension reduction X ∈ ℝn×p Z ∈ ℝn×d

CX CZ

min
Z∈ℝn×d

n

∑
i,j=1

L ([CX]ij , [CZ]ij) L : ℝ × ℝ → ℝfor some loss

✦ Principal components analysis

min
H:dim(H)=d

1
n

n

∑
i=1

∥xi − PH(xi)∥2
2

Minimizing the reconstruction error

(Pearson, 1901)
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✦ A general optimization problem

Dimension reduction X ∈ ℝn×p Z ∈ ℝn×d

CX CZ

min
Z∈ℝn×d

n

∑
i,j=1

L ([CX]ij , [CZ]ij) L : ℝ × ℝ → ℝfor some loss

✦ Principal components analysis

(Pearson, 1901)

min
Z∈ℝn×d

n

∑
i=1

(⟨xi, xj⟩ − ⟨zi, zj⟩)
2

Preserving the inner products

(Torgerson, 1958)

Z ← EVD(
1
n

XX⊤)

d ≪ p
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Dimension reduction
✦ Spectral methods

min
Z∈ℝn×d

n

∑
i=1

([CX]ij − ⟨zi, zj⟩)
2

CX ⪰ 0

Z⋆ = ( λ1v1, ⋯, λdvd)⊤

λi i-th largest eigenvalue of CX
viwith eigenvector

✦ Kernel PCA

solution
(Eckart & Young, 1936)

(Schölkopf, 1997)

PCA: CX = XX⊤

(classical) Multidimensional scaling: CX = −
1
2

HDXH
Laplacian Eigenmap (spectral embedding):

(Belkin & Niyogi, 2003)
CX = L†

X

Locally Linear Embedding, Diffusion Map … 
(Roweis & Saul, 2000) (Coifman & Lafon, 2006)

PCA
Spectral  

embedding

LLE

(Z ← SVD(X))

CX ⪰ 0

[CX]ij = ⟨ϕ(Xi), ϕ(Xj)⟩ℋ
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CX CZ
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✦ Neighbor embedding methods

X ∈ ℝn×p Z ∈ ℝn×d

CX CZ

KL(a, b) = a log(a/b) − a + b = Dϕ(a, b)
ϕ(x) = x log(x) − x + 1Shannon–Boltzman entropy

✦ Kullback-Leiber divergence

min
Z∈ℝn×d

n

∑
i,j=1

KL ([CX]ij , [CZ]ij)
KL

min
Z∈ℝn×d

n

∑
i, j=1

[CX]ij log (
[CX]ij

[CZ]ij )
When ∑

i, j

[CX]ij = ∑
i, j

[CZ]ij (same mass)

∼≈

✦ What choices for        ,       ? CX CZ
✦ Encode the non-linear geometry
✦ Some kind of normalization
✦ Robustness to noise, varying 

density
✦ Similar for both high and low dim

d ≪ p
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Embedding space

CX CZ



Dimension reduction
✦ SNE (Hinton & Roweis, 2002)

[CZ]ij =
exp( −∥zi − zj∥2

2)
∑k exp( −∥zi − zk∥2

2)
( = ℙ( j | i))

Embedding space

[CX]ij =
exp( −∥xi − xj∥2

2/2σ2
i )

∑k exp( −∥xi − xk∥2
2/2σ2

i )

Input space

CX CZ



Dimension reduction

∀i, entropy( [CX]i,: ) = log(perplexity)
✦ Perplexity = effective number of neighbors
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✦ (t)-SNE (Van der Maaten & Hinton, 2008)

σ1 = σ2 = ⋯ = σn with fixed perplexity

∀i, entropy( [CX]i,: ) = log(perplexity)
✦ Perplexity = effective number of neighbors
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[CX]ij =
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2/2σ2
i )
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Input space

✦ Local bandwidths optimized s.t.

✦Account for varying density
✦ Joint distributions:

[CZ]ij =
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2)
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2)
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[CX]ij ←
[CX]ij + [CX]ji

2n
✦ Crowding effect: Student t-distribution 

instead of Gaussian in Z

CX CZ
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(Shekhar et al., 2016)

✦ (t)-SNE (Van der Maaten & Hinton, 2008)

σ1 = σ2 = ⋯ = σn with fixed perplexity

∀i, entropy( [CX]i,: ) = log(perplexity)
✦ Perplexity = effective number of neighbors

✦ SNE (Hinton & Roweis, 2002)

[CZ]ij =
exp( −∥zi − zj∥2

2)
∑k exp( −∥zi − zk∥2

2)
( = ℙ( j | i))

Embedding space

[CX]ij =
exp( −∥xi − xj∥2

2/2σ2
i )

∑k exp( −∥xi − xk∥2
2/2σ2

i )

Input space

✦ Local bandwidths optimized s.t.

✦Account for varying density
✦ Joint distributions:

[CZ]ij =
exp( −∥zi − zj∥2

2)
∑kℓ exp( −∥zℓ − zk∥2

2)
( = ℙ(i, j))

[CX]ij ←
[CX]ij + [CX]ji

2n
✦ Crowding effect: Student t-distribution 

instead of Gaussian in Z

Dimension Reductiont-Stochastic Neighbor Embedding

Very successful/ powerful technique in practice
Convergence may be long, unstable, or strongly depending on parameters.
See this distill post for many impressive examples

Representation depending on t-SNE parameters

52

perplexity

CX CZ
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From Wasserstein to Gromov-Wasserstein
✦ Classical optimal transport (in a nutshell)
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aiδxi
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d(xi, yj)

≈n ≠ k
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✦ Goal : preserving pairwise 
connectivity

✦ Distance w.r.t. isomorphisms
✦ Difficult quadratic problem (NP-hard)

✦     measures distorsionL
[C1]ik − [C2]jl

2

≈n ≠ k

≈n ≠ k
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+
, ,
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MNIST Fashion-MNIST COIL PBMCℝ2
Hyperbolic geometry

CX (Van Assel et al., 2023) CZ

medoïd for  
each cluster area ∝ bk

ℝ2ℝ2

✦ Single-cell dataset

✦ Image datasets

(Chen et al., 2019) CX = XX⊤

symmetric entropic aff.
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n
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pixel
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Student t-kernel
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✦ Comparison with DR then clustering or clustering then DR
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