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Averaging of fast-slow systems

AX; = f(Xp,Y7)dt+g(X;,Y7)dB:  in R
v, = 16X Yy)did o(X;,Y;)dW in R
® Dynamic frozen in z: dY® = b(x,Y?)dt + o(z, V") dW,
Assume .
Y S Y

® Averaging : for all T' < oo,
dist(law(X5), law(XT)) = O(¢)

where

dX; = f(Xy) dt + g(Xy) dBy

and
Fa)= [ @), 5@ = [ oo @) de ).



Heterogeneous Multiscale Method schemes
E-Liu-Vanden-Eijnden 2005 : Approximate X |
® Macro-scheme : At >0
Xpi1 = Xn + ALF(X,) + At2G(Xn)Tpit

with (F,G) ~ (f,7)
® Micro-scheme : 7 >0
Y= o2, Y, T, vg1)
s.t.

law

Ve VIl

® Ergodic averages

K—‘rkb K“l‘kb
—foYk GGT (x —Zgg (x,Y))
k=ky k=ky
(F,G) ——— (},9)

Choice of 7, K, ky, 7



Our scheme

1
{ Tl = XD AUF(XTYT) + A (X, YT )T
Y, o= Y74 (XD Y )+ o(XD, Y ) e

Theorem
LetT >0, At,7 > 0. For N = % and a test function ¢ we have

Elp(X5)] ~ E [o(Xn)]| S At 74+ 20

assuming
® v and f,g,b,0 smooth
® | strictly dissipative : 3L > 0 s.t. Vz,y

(b(z) —b(y),x —y) < —Llz — y/?
Vh, (Vb(z)h,h) < —Lh*
Vh, (V2Vh,h)>Lh?> if b=—-VV



Cost analysis

® Reminder : ‘E [(p(X5)] —E [@(YT)H <e

Corollary
1
Under the same assumptions, T = At2 is an optimal choice and

[E[p(XZ)] — E[p(X5)]| S € + At

1
® Cost = Nmacrosteps X Nmicrosteps per macrosteps X Az
® AP schemes : Bréhier-Rakotonirina-Ricquebourg 2020

sup [E[p(X7)] —E [o(Xn)]| S A2
€€(0,1)

Limited to Ornstein-Uhlenbeck fast dynamic !



Simulation : test case

® Ornstein-Uhlenbeck fast dynamic
b(z,y) = —(y — ), o(x,y) = cos(x)

. cos?(x)
pt=N (:c, 2)

® Modulated slow dynamic
fx,y) = cos(y)x + sin(y + %) arctan(x + 1)

flz) = /R | cos(y) du (y)a+ /

sin(y+3) du” (y) arctan(z+1)
R4

o 7= At® ~ Error < At + AtY + Att—@



Order of convergence
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Order of convergence

: Exponential Euler
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Main tools

® Proof : ‘E [(p(X5)] —E [@(YT)” <e
® Adapt strategy to discrete time € ~~ %

e Kolmogorov equation

E (7]~ B [o(Xn)] = | (e-z)mr - xpa

Poisson equation
—Lyy[hl =h—h

Regularity theory

[Pl + lulle> S 1
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Kolmogorov equation
L4 (XE,YE) ~ L=Lx+ %ﬁy with

1
Lx = f(z,y) Vi + gggT(fE, y): V2
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Poisson equation
° hz,y) ~ Y[h](z,y) :
—Lyy[h(z,y) = h(z,y) — h(z)

Ly =b(z,y) Vy+ ool (z,y) Vg
® Reformulation of the remainder :

r 1
B [OX Y ~E ()] =B [ (Ex + 2070 d

T
:>E/O h(X:,YE) — h(X5)dt (/cw XEYE)dt
~ B[ (X3, Y] + E(@.v) )

= 0(e)

® Need to bound

[@llcz ~ I(f, 9lle= and  lyllc2
15



Regularity of the invariant measure

® |mplicit dependance in x

%J=Vg/ﬂ%wﬂum

e Use the PDE : —LZ4(z,y) = f(z,y) — f(x)

—LYVotp =Vof = Vaof +(VoLY) Y

o L%pt =0= [LyY(x,y)p®(dy) =0

de/vdww+W¢%Wﬁww

o V,LL = V,b(z,y) Vy+ iV, (aaT) (z,y) : V2

Need to control V’yw !
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Regularity of the corrector
* Y¥(y) ~ Ly =b(z,y) Vy+ %O'O'T(l’,y) : Vf,
® Representation formula : —Ly[h] = h —h

Uity = [Tt (n=R) ()

0

= | B [pte i) - )] a

= Vyulh] = /0 TRV A V()] dt

® Strict dissipativity of b

=

L
E [ (1) = Y (o) P]* S e BaIvoliltyy, — yp)

—

5 1
B[V, Y7 (p)P]* g e HIvelr
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Summary

® Goal
Approximate E [p(XF)]

® Averaging

® ]-step HMM scheme

X1~ X} + O(At?)
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Beyond 7

¢ Diffusion approximation : X%
® Variance estimate = Central Limit Theorem for X7,

® Dissipativity assumption

(b(x),z) < —L|z|* + C

Fractionnal SDEs
SPDEs

Thanks for your attention !
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