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Averaging of fast-slow systems
{

dXε
t = f(Xε

t , Y
ε

t ) dt+ g(Xε
t , Y

ε
t ) dBt in Rd

dY ε
t = 1

εb(X
ε
t , Y

ε
t ) dt+ 1√

ε
σ(Xε

t , Y
ε

t ) dWt in Rd

• Dynamic frozen in x: dY x
t = b(x, Y x

t ) dt+ σ(x, Y x
t ) dWt

Assume
Y x

t
law−−−→

t→∞
Y x

∞ ∼ µx

• Averaging : for all T < ∞,

dist(law(Xε
T ), law(XT )) = O(ε)

where
dXt = f(Xt) dt+ g(Xt) dBt

and

f(x) =
ˆ
Rd

f(x, y) dµx(y), ggT (x) =
ˆ
Rd

ggT (x, y) dµx(y).
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Heterogeneous Multiscale Method schemes
E-Liu-Vanden-Eijnden 2005 : Approximate XT !

• Macro-scheme : ∆t > 0
Xn+1 = Xn + ∆tF (Xn) + ∆t

1
2G(Xn)Γn+1

with (F,G) ≃ (f, g)
• Micro-scheme : τ > 0

Y x
n+1 = ϕ(x, Y x

n , τ, γn+1)
s.t.

Y x
n

law−−−→
n→∞

Y x
∞ ∼ µx

τ ≃ µx

• Ergodic averages

F (x) = 1
K

K+kb∑
k=kb

f(x, Y x
k ), GGT (x) = 1

K

K+kb∑
k=kb

ggT (x, Y x
n )

(F,G) −−−−→
K→∞

(f, g)

Choice of τ,K, kb ?
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Our scheme
{
Xτ

n+1 = Xτ
n + ∆tf(Xτ

n, Y
τ

n+1) + ∆t
1
2 g(Xτ

n, Y
τ

n+1)Γn+1

Y τ
n+1 = Y τ

n + τb(Xτ
n, Y

τ
n+1) + τ

1
2σ(Xτ

n, Y
τ

n )γn+1

Theorem
Let T > 0, ∆t, τ > 0. For N = T

∆t and a test function φ we have

∣∣∣E [φ(Xτ
N )] − E

[
φ(XT )

]∣∣∣ ≲ ∆t+ τ + ∆t
τ

assuming
• φ and f, g, b, σ smooth
• b strictly dissipative : ∃L > 0 s.t. ∀x, y

(b(x) − b(y), x− y) ≤ −L|x− y|2

∀h, (∇b(x)h, h) ≤ −Lh2

∀h, (∇2V h, h) ≥ Lh2 if b = −∇V

• L ≫ ∥∇σ∥
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Cost analysis

• Reminder :
∣∣∣E [φ(Xε

T )] − E
[
φ(XT )

]∣∣∣ ≲ ε
Corollary
Under the same assumptions, τ = ∆t

1
2 is an optimal choice and

|E [φ(Xτ
N )] − E [φ(Xε

T )]| ≲ ε+ ∆t
1
2

• Cost = Nmacrosteps ×Nmicrosteps per macrosteps ∝ 1
∆t

• AP schemes : Bréhier-Rakotonirina-Ricquebourg 2020

sup
ε∈(0,1)

∣∣∣E [φ(Xε
T )] − E

[
φ(X̃N )

]∣∣∣ ≲ ∆t
1
2

Limited to Ornstein-Uhlenbeck fast dynamic !
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Simulation : test case
• Ornstein-Uhlenbeck fast dynamic
b(x, y) = −(y − x), σ(x, y) = cos(x)

µx = N
(
x,

cos2(x)
2

)

• Modulated slow dynamic
f(x, y) = cos(y)x+ sin(y + 1

2) arctan(x+ 1)

f(x) =
ˆ
Rd

cos(y) dµx(y)x+
ˆ
Rd

sin(y+1
2) dµx(y) arctan(x+1)

g(x, y) = 0 ⇒ g(x) = 0

• τ = ∆tα ⇝ Error ≲ ∆t+ ∆tα + ∆t1−α
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Order of convergence

Error ≲ ∆t+ ∆tα + ∆t1−α

M = 105 − 107
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Order of convergence : Exponential Euler

Error ≲ ∆t+ ∆t1−α
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Main tools
• Proof :

∣∣∣E [φ(Xε
T )] − E

[
φ(XT )

]∣∣∣ ≲ ε
• Adapt strategy to discrete time ε⇝ ∆t

τ

• Kolmogorov equation

E [φ(Xε
T )] − E

[
φ(XT )

]
=
ˆ T

0

(
L − L

)
u(T − t,Xε

t ) dt

• Poisson equation
−LY ψ[h] = h− h

• Regularity theory

∥ψ∥C2 + ∥u∥C2 ≲ 1
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Kolmogorov equation
• (Xε, Y ε)⇝ L = LX + 1

ε LY with

LX = f(x, y) · ∇x + 1
2gg

T (x, y) : ∇2
x

LY = b(x, y) · ∇y + 1
2σσ

T (x, y) : ∇2
y

• X ⇝ L = f(x) · ∇x + 1
2gg

T (x) : ∇2
x

• u(t, x) = E
[
φ(Xt) | X0 = x

]
⇝

{
∂tu− Lu = 0
u(t = 0) = φ

E = E [φ(Xε
T )] − E

[
φ(XT )

]
= E [u(0, Xε

T )] − u(T, x = Xε
0)

= E
ˆ T

0
(LX + 1

ε
LY − L)u(T − t,Xε

t ) dt

= E
ˆ T

0

(
(f − f) · ∇x + 1

2(ggT − ggT ) : ∇2
x

)
u(T − t,Xε

t ) dt

= E
ˆ T

0
ht(Xε

t , Y
ε

t ) − ht(Xε
t ) dt

14



Poisson equation
• h(x, y)⇝ ψ[h](x, y) :

−LY ψ[h](x, y) = h(x, y) − h(x)
LY = b(x, y) · ∇y + 1

2σσ
T (x, y) : ∇2

y
• Reformulation of the remainder :

E [ψ(Xε
T , Y

ε
T )] −E [ψ(x, y)] = E

ˆ T

0
(LX + 1

ε
LY )ψ(Xε

t , Y
ε

t ) dt

⇒ E
ˆ T

0
h(Xε

t , Y
ε

t ) − h(Xε
t ) dt = ε

(
E
ˆ T

0
LXψ(Xε

t , Y
ε

t ) dt

− E [ψ(Xε
T , Y

ε
T )] + E [ψ(x, y)]

)
= O(ε)

• Need to bound
∥u∥C2 ⇝ ∥(f, g)∥C2 and ∥ψ∥C2
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Regularity of the invariant measure
• Implicit dependance in x

∇xf = ∇x

ˆ
f(x, y)µx( dy)

• Use the PDE : −Lx
Y ψ(x, y) = f(x, y) − f(x)

−Lx
Y ∇xψ = ∇xf − ∇xf + (∇xLx

Y )ψ

• Lx∗
Y µ

x = 0 ⇒
´

Lx
Y ψ(x, y)µx( dy) = 0

∇xf =
ˆ

∇xf(x, y) + (∇xLx
Y )ψxµx( dy)

• ∇xLx
Y = ∇xb(x, y) · ∇y + 1

2∇x

(
σσT

)
(x, y) : ∇2

y

Need to control ∇k
yψ !
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Regularity of the corrector
• Y x(y)⇝ Lx

Y = b(x, y) · ∇y + 1
2σσ

T (x, y) : ∇2
y

• Representation formula : −LY ψ[h] = h− h

ψ[h](x, y) =
ˆ ∞

0
e−tLY

(
h− h

)
(y) dt

=
ˆ ∞

0
E
[
h(x, Y x

t (y)) − h(x)
]

dt

⇒ ∇yψ[h] =
ˆ ∞

0
E [∇yh(Y x

t ) · ∇yY
x

t (y)] dt

• Strict dissipativity of b

E
[
|Y x

t (y1) − Y x
t (y2)|2

] 1
2 ≲ e−(L− 1

2 ∥∇σ∥2
∞)t|y1 − y2|

E
[
|∇yY

x(y)|2
] 1

2 ≲ e−(L− 1
2 ∥∇σ∥2

∞)t
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Summary

• Goal
Approximate E [φ(Xε

T )]
• Averaging

Xε ≃ X +O(ε)
• 1-step HMM scheme

XT ≃ Xτ
N +O(∆t

1
2 )
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Beyond ?

• Diffusion approximation : Xε
T
ε

• Variance estimate ⇒ Central Limit Theorem for Xτ
N

• Dissipativity assumption

(b(x), x) ≤ −L|x|2 + C

• Fractionnal SDEs
• SPDEs

Thanks for your attention !
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