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A stiff problem.

[Cox, 1974]

Lubrication force
<latexit sha1_base64="BEwVvv8qHWAG0x0H1VFBNLCmxxQ="></latexit>

mq̈ = �6⇡µr2
q̇

q
+mfy

<latexit sha1_base64="37WRUJSK2iQbgSotN5ZCXCxzSmM="></latexit>

q(t) > 0•                    for any 
<latexit sha1_base64="Ld9UgTJ6BH9BHPq3SYwuDPi2gQQ="></latexit>

t

• BUT very small…

• Cox, R. G. (1974). The motion of suspended particles almost in contact. International Journal of Multiphase Flow, 1(2), 343-371.

 Erosion

<latexit sha1_base64="FGdVBEgtOwQ67BHhrg2ZpiXqnWY="></latexit>q

<latexit sha1_base64="xpipijpqcgDMdkhORwYwv2CitsM="></latexit>

Flub(q) = �6⇡µr2
q̇

q



Modeling lubrication: the gluey contact model.

<latexit sha1_base64="jnhf1em6VCCanrJlGGzMeonsJYI="></latexit>

q̇+ = PCq,� q̇
�

<latexit sha1_base64="QRApwB6G7PtsAQDXhMiSd8UW1VU="></latexit>

mq̈ = mfy + �
<latexit sha1_base64="i8B3ivyAIhInZUTyvSM6lD+ybhk="></latexit>

supp(�) ⇢ {t, q(t) = 0}
<latexit sha1_base64="FCHmCAvEviRawIJ1CaPGBTzo3AA="></latexit>

�̇ = ��
<latexit sha1_base64="gRMr6uvjm/ockmBS7iqsvjsGOuI="></latexit>

q � 0, �  0

<latexit sha1_base64="ZMWwvPzqoX1Ud9z/ZZgiliXeVbM="></latexit>

Cq,� =

<latexit sha1_base64="iWZbrEHWQzGl1NjpUbvnKpY3I+E="></latexit>

R+ si

<latexit sha1_base64="JR/mZSrgVGqRfVT7ohKopfYsVyc="></latexit>

{0} si �� < 0

<latexit sha1_base64="w4w3Ur2kLc0F9BT2cLSVNA69rhI="></latexit>

�� = 0

q = 0
<latexit sha1_base64="XQHsYGP7w+piKZeJuv1DgJZcg6w="></latexit>

R sinon

• B. Maury, A gluey particle model, ESAIM Proceedings, July 2007, Vol.18, 133-142

• A. Lefebvre, Numerical simulation of gluey particles, M2AN, 43:53-80 (2009)



Modeling lubrication: the gluey contact model.
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�
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supp(�) ⇢ {t, q(t) = 0}
<latexit sha1_base64="FCHmCAvEviRawIJ1CaPGBTzo3AA="></latexit>

�̇ = ��
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q � 0, �  0

<latexit sha1_base64="ZMWwvPzqoX1Ud9z/ZZgiliXeVbM="></latexit>

Cq,� =

<latexit sha1_base64="iWZbrEHWQzGl1NjpUbvnKpY3I+E="></latexit>

R+ si

<latexit sha1_base64="JR/mZSrgVGqRfVT7ohKopfYsVyc="></latexit>

{0} si �� < 0

<latexit sha1_base64="w4w3Ur2kLc0F9BT2cLSVNA69rhI="></latexit>

�� = 0

q = 0
<latexit sha1_base64="XQHsYGP7w+piKZeJuv1DgJZcg6w="></latexit>

R sinon

• B. Maury, A gluey particle model, ESAIM Proceedings, July 2007, Vol.18, 133-142

• A. Lefebvre, Numerical simulation of gluey particles, M2AN, 43:53-80 (2009)

<latexit sha1_base64="q1zFIZ1rI+3fcE6OCqs/JJ3eBDo="></latexit>

fy = �21[0,2] + 21[2,+1]
<latexit sha1_base64="80scVS25Ndf6oX0HqOmKYLbjReE="></latexit>

q̈µ = �µ
q̇µ
qµ

+ fy
<latexit sha1_base64="tVO2IIBS9CMM4+2g1UyvsTwHNoc="></latexit>

�µ = µln(q)

<latexit sha1_base64="cKa+3xBcgYpVquEJSPxwAxmRbTA="></latexit>

µ ! 0



Modeling lubrication: the gluey contact model.

• Roughness            contact<latexit sha1_base64="yIXKbg49lYKxgRaCjp5UEY+2Kp8="></latexit>

=)

• Model : contact for 
<latexit sha1_base64="oGkJiQ+VpwJX6z1skwNHiytcD8A="></latexit>

q = r1 + r2

<latexit sha1_base64="yIXKbg49lYKxgRaCjp5UEY+2Kp8="></latexit>

=) Threshold for     : 
<latexit sha1_base64="idckTP72PAH5PgwolC21A6MPkEc="></latexit>�

<latexit sha1_base64="1oCBRwp84wc5HfrmFtcXFaOU0tM="></latexit>

� � �min = µ ln(r1 + r2)

•A. Lefebvre, Numerical simulation of gluey particles, M2AN, 43:53-80 (2009)
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<latexit sha1_base64="LjQy2kyTRtY8Ze7gUP8lD0/6xq0="></latexit>r2



Modeling lubrication: the gluey contact model.
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�
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supp(�) ⇢ {t, �(t+) = �min}
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q � 0, �min  �  0, � � 0

<latexit sha1_base64="lNedaesIF35XtvyzscnFsZmXefY="></latexit>

�̇ = ��+ �

<latexit sha1_base64="ZMWwvPzqoX1Ud9z/ZZgiliXeVbM="></latexit>

Cq,� =

<latexit sha1_base64="iWZbrEHWQzGl1NjpUbvnKpY3I+E="></latexit>

R+ si
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mq̈ = mfy + �

• Roughness            contact<latexit sha1_base64="yIXKbg49lYKxgRaCjp5UEY+2Kp8="></latexit>

=)

• Model : contact for 
<latexit sha1_base64="oGkJiQ+VpwJX6z1skwNHiytcD8A="></latexit>

q = r1 + r2
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=) Threshold for     : 
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<latexit sha1_base64="1oCBRwp84wc5HfrmFtcXFaOU0tM="></latexit>

� � �min = µ ln(r1 + r2)

•A. Lefebvre, Numerical simulation of gluey particles, M2AN, 43:53-80 (2009)
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Modeling lubrication: A numerical problem
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A discrete minimisation problem
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J(u) =
1

2
|u�Uk+1|2, Uk+1 = uk +�t
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m
Fk

<latexit sha1_base64="jnhf1em6VCCanrJlGGzMeonsJYI="></latexit>

q̇+ = PCq,� q̇
�

<latexit sha1_base64="DuTUg4M8npmlCLShE9/iqK+R2mw=">AAAC7HicjVLLSsNAFD3G97vq0s1gEXVT0vreVdyIbirYKthakjjVoXmRTAQpBX/AnTtx6w+41e8Q/0D/wjvTFBUpOiHJnXPPOTN37tihK2Jpmm99Rv/A4NDwyOjY+MTk1HRmZrYSB0nk8LITuEF0Ylsxd4XPy1JIl5+EEbc82+XHdnNX5Y+veBSLwD+S1yGvedaFLxrCsSRB9cxS1RN+vVX1LHlpN1pJuyp8dnDWbO8vf2ErjN UzWTNX2N4orG6z30E+Z+qRRTpKQeYVVZwjgIMEHjh8SIpdWIjpOUUeJkLCamgRFlEkdJ6jjTHSJsTixLAIbdL3gmanKerTXHnGWu3QKi69ESkZFkkTEC+iWK3GdD7Rzgrt5d3Snmpv1/S3Uy+PUIlLQv/SdZn/1alaJBrY0jUIqinUiKrOSV0SfSpq5+xbVZIcQsJUfE75iGJHK7vnzLQm1rWrs7V0/l0zFarmTspN8KF2SQ3udpH1DiqFXH4jt364li3u3HRaPYJ5LGCZ+rmJIvZQQpm8b/GEZ7wYvnFn3BsPHarRl16POfwYxuMnim2gRw==</latexit>

min
u2Kk

J(u)

<latexit sha1_base64="SjwELShtUCahDxCXWu5vRWLlMYo=">AAADkHicjVLbbtNAEB3XXIq5hfLIy4oUCQkaOUaUVgLRijwgeCmINJW6Tbp2Ns4q60vXa0RkLPF/fADiD+AvmF07CAQVrG8zZ86Z2dlxmEtRaN//6qy5Fy5eurx+xbt67fqNm51bG4dFVqqID6NMZuooZAWXIuVDLbTkR7niLAklH4WLFyY+es9VIbL0nV7m/CRhcSpmImIaoUnn8+br8YI8IzRheh7OqrKmIm2csHpbjwOq+Q ddkYJoUtOzkk09KvlMf2ztkMcirZhSbFlXsvYIIZRsDbbogEvNUPQz8SStCUrPiE9pQ8N78OCvxIb3cFVbYOmYJQkbL54aNeXptK3pUSXiue5tep436XT9XrC7HTzaJX8a/Z5vVxfadZB1vgCFKWQQQQkJcEhBoy2BQYHXMfTBhxyxE6gQU2gJG+dQg4faElkcGQzRBb5j9I5bNEXf5CysOsIqEh+FSgL3UJMhT6FtqhEbL21mg56Xu7I5zd6W+A3bXAmiGuaI/ku3Yv6vzvSiYQY7tgeBPeUWMd1FbZbSnorZOfmlK40ZcsSMPcW4QjuyytU5E6spbO/mbJmNf7NMgxo/arklfDe7xAGvpkjONw6DXn+79/hN0N3b/9SMeh3uwF24j/N8AnvwEg5gCJHTd0bOqcPcDXfHfe7uN9Q1p/09bsNvy331Axtv1TE=</latexit>

Kk = u 2 R2 s t

����
�D ��tun  0
D +�tun  0, si �k < 0

•A. Lefebvre, Numerical simulation of gluey particles, M2AN, 43:53-80 (2009)



Modeling lubrication: A numerical problem
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A discrete minimisation problem
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=)
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A dual problem
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J(u) =
1

2
|u�Uk+1|2, Uk+1 = uk +�t

1

m
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m (�+ � ��).n
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Kk = u 2 R2 s t

����
�D ��tun  0
D +�tun  0, si �k < 0

<latexit sha1_base64="utlZLL/CHsxF3L1PufJTFGe/2Zs="></latexit>

J(�+,��) = (�+ � ��)[(Dk +�t(u�n+Un

2 )] + cst

<latexit sha1_base64="MPO350YrAvOvt5K2N9DC3IVaACU="></latexit>

K = {(�+,��), �+ � 0, �� � 0}

<latexit sha1_base64="Nmu/egxjRN8KJLJA9I4zMwvWCO4="></latexit>

min
(�+,��)2K

J(�+,��)

•A. Lefebvre, Numerical simulation of gluey particles, M2AN, 43:53-80 (2009)



Modeling Friction : An analogous problem
<latexit sha1_base64="LQ3r5KHsNAIwVRd6Fm0gP3nKNZA="></latexit>

The convex constraint
<latexit sha1_base64="GrQc2o5KEweOeMQBEX0FNG8PnCc="></latexit>

�n

<latexit sha1_base64="ZTY/dDQY+1zxrGe2UTWlSiBnin8="></latexit>

�T

<latexit sha1_base64="ZTY/dDQY+1zxrGe2UTWlSiBnin8="></latexit>

�T
<latexit sha1_base64="GrQc2o5KEweOeMQBEX0FNG8PnCc="></latexit>

�n

<latexit sha1_base64="esy8S9C9aZZIiwyDt2RPrHjISaw="></latexit>

J(�n,�T ) = �n[(Dk +�t(u�n+Un
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Prospects

•Model validation by comparison with micro and macro 
experiments. Micro with Maxime Nicolas at IUSTI. Macro with 
Georges Gauthier and Baptiste Darbois-Texier at FAST


• Study of the convergence of the numerical scheme to the 
model


• Study of the optimization problem 


