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Continuous problem

B Hyperbolic problem
B Relaxation model
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Continuous problem

or N \\\ \\\
Hyperbolic problem

Consider the following 1D hyperbolic system of conservation laws

otu + OxA(u) =0 (1)

withu:R x Ry — RP, p € Nand A: RP — RP a Lipschitz continuous flux.

In the context of fluid-structure interactions, the desired properties for the scheme are the following:
B Arbitrarily high order in time and space,

B CFL number larger or equal to unity (unlike fully explicit schemes),
B Computationally explicit scheme (implicit with the same complexity as an explicit one).
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Continuous problem
©00

Relaxation system

Set the relaxing system
M(PF) — F
OtF + OxN\F = 7( )
€

with F: R x R, — RPK, M : RP — RPX a Maxwellian function, P : RP¥ — RP a linear operator and
A = diag(My, ..., Ax) € Mpk pk(R) a constant matrix.

By construction, the Maxwellian function must satisfy the following properties
® PM(PF) = PF,
B PAM(PF) = A(PF),
B Monotone Maxwellian Function:

vu € RP, o(Mj(u)) C [0,00[, Vi=1,... k.
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Continuous problem
o1 16)

Chapman-Enskog expansion

Consider the relaxation system:
M(PF) — F

€

O¢F + OxA\F =
Multiplying (3) by PP, we obtain
O¢PF + OxPAF = 0.

Multiply (3) by PA, then
PAF = A(PF) + O(e).

It leads to
OtPF 4+ OxA(PF) = O(e).

Then PF — u formally when e — 0.

For deeper analysis see [Bou99; Nat98].
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Continuous problem
ooe

Maxwellian function

Define the linear operator P as

k

NN \\\\\\

k

Set k > d + 1 with d the spacial dimension, and A = diag(A1,.. ., Ax) such that » ~A; = 0. Set Sy = > AZ,

one can build M as: 1 A(PF)
M;(PF) = —PF
((PF) = L PF + =

Monotone Maxwellian Function condition

1 Aj

S+ Zlgi>0, Vi=1,...,k V]

kN

where o; are the eigenvalues of the Jacobian of A.

E Semi-implicit numerical method for hyperbolic problems - R. Abgrall, S. Del Pino, A. Drouard, E. Labourasse

i=1

N, Vi=1...,k.

Canum 2024, 05/24

i=1



Semi-implicit numerical scheme

B Time discretization: Deferred Correction method
B Space discretization

» Finite Difference scheme
» Finite Volume scheme
» Equality of FD and FV fluxes
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Semi-implicit numerical scheme
[}

Discretization

NN

Set on the mesh Q the cells C; of centers x; and vertices x;

1 and x;, 1 as follows:
2 2
L% X I |Xi_1 I % | Xt | XN 1 XN
| ——— * At mn v T . F--mp——f—e—]
X4 X1 X1 X, 1 Xy 1 Xy 1
T2 2 /=2 Itz N—1 ANt

Figure 1: Non uniform mesh example

) oo 1 OF .
Set § a g-th order spatial derivative operator such that A—XéjF B~ A—X. Let us assume that the error is
O(Ax9). The relaxation model becomes:

)
oF, 1 M(PF;) — F;
L —ANF = —L L 1 oax9).
ot +Ax,- ! e +O(Ax?)

(4)

We will define the operator § later. Let us focus on the time discretization for now: Deferred Correction [AT22].
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Semi-implicit numerical scheme
(1)

Time discretization: Deferred Correction method

Setg+1numbers0=c¢cy < ¢y < -
T

set F=(FP' ... F9) and FO=(F° .. F/."’O) :

Set £2 an implicit high order accurate operator, and £' an explicit lower order operator. Our objective is to solve
L2(F)=0.

Example (Order 2: Crank-Nicolson)
At order 2, set g = 1. Then

CR(FMT) = FI —F7 4 —(5 AET 4 ST — %t ((M(PF]) — F7) + (M(PFI*T) — FP+1))
S
and At At
LYFHY) =F —F + o INFT - 55
N

Forward Euler discretization ~ As forc2
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Semi-implicit numerical scheme
oce

Dec iterations

Deferred Correction method at order M = q + 1:
T
set, for any j, ]-‘/.(0) = (Fj” F/”) ;

)

solve, forp=0,...,M—1:

LUFPT) = 1) - )

set 77t :;Ej(’“).

Example (Order 2: Crank-Nicolson)
Step 2 of the DeC method gives, for p € {0, 1}:

Aty -1 /At 1 1) At
prtp+t) — (4 2L 2y e+ [
/ (+25) (25 ( J )+F 2Ax;
with
pE™ 10+ _ ppn _ At
/ I 2Ax
This method is: B computationally explicit;

B |2 stable on uniform meshes for a CFL
B compatible with ¢ = 0.
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Semi-implicit numerical scheme
o
Space discretization: Finite Differences method

Objective: define § such that
1

ASjF ~ OxAF(x;, 1)
Y

Set F; ~ F(x;), and L; the Lagrange polynomial of degree g = r + s that interpolates F in {F;;; i € S;}, with

|Sj| = g + 1 such that

r r X — Xj+i )
AL() =AD" Fy [ —2, ifa
=s imos Xt T X
i#l

. - . . 1
The spatial derivative operator ¢; is defined as follows: —XM,F = AL]’-(x,-).
I

Properties of the FD scheme

B Arbitrary high order on non-uniform meshes,

B Writes as a difference of fluxes on uniform meshes (conservativity),
B Non conservative on non-uniform meshes,

B | ax-Wendroff theorem under restrictive conditions on the mesh.
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Semi-implicit numerical scheme
[ 1}

Finite Volume scheme

— 1
SetF; ~ A—Xl /jF(x)dx. Consider P; a polynomial of degree g — 1, built such that

1 _
— [Pi(x)dx =F;, ViesS,
ij/i i(x)dx i i€ S;

where S; is the stencil of the reconstruction (|S;| = g—1andif A >0,S;={j —s+1,...,j+r}). Set

F,-+1 = Pj-(le) the numerical flux. The spatial derivative operator J; is given by
2 2

T agF= LA
AXI'

F.1—F 1)
AX/' I _%)

5

Reconstruction of the flux A: set P;(g;) =~ A(u(g;)) with g; the points of Gauss quadrature formula of g-th order
in the j-th cell, then

AW = gy S iPi(@)
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Semi-implicit numerical scheme
oe

Finite Volume scheme

Properties of the FV scheme
B Arbitrary high order on non-uniform meshes with reconstruction of the flux function A(u),
B Conservative by construction,
B Consistency of the limit scheme (¢ = 0) with the initial conservation law (1),
B Consistency of the scheme ¢ # 0 with the relaxing system (3),
B | ax-Wendroff theorem adapted to our problem on non-uniform mesh: PF% —uash—0.
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Semi-implicit numerical scheme
000
Similarities between FD and FV schemes

Proposition

The FD and FV fluxes are identical on uniform meshes.
Sketch of the proof

B The FD scheme can write as a difference of fluxes on uniform meshes

)\

AX Z nF; 4 =

where

r r
F/iz = > Q- Fn

I=—s+1 =/

l=—s+1 =l
10
=B Bi+F

with forall 1 € {—s+1,...,r}, [ #0, (B;); = Fj;;— F;and 8, =

r
=>
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Semi-implicié:uomerical scheme NN \\\ \\,\\\

Similarities between FD and FV schemes

B On the other hand, the FV fluxes write
r+s—1
I ol )
FI+1 —P( %) Ig(; ije/(XH%)'i‘F,

where ej’. is the /-th element of the polynomial basis of degree at most q, and aj’- are obtained when solving
O—‘ijithforallie {-s+1,...,r},i#0and/e{1,....,r+s—1}

._AX' N B P B 14741 14141
o,,,m<(/+§) (=3 -G+ (=3) )

Then
r+s—1
Fiy = g (@ B)iej(x;, 1) + Fis
=(Q7'B) E(x,4) +F
=5 (@ TE(x, 1))+ F
where Ej(-) = (e;(')’ o r+s (. ))
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Similarities between FD and FV schemes

Finally, proving that the FD and FV fluxes are identical on a uniform mesh is equivalent to showing that

D _ gV
Ff+%_Fj+‘§
=8B+ F=6-(QTEM, )+ F

J+3
—=pB= Q_TE]-(XH_%).

Using some properties of the coefficients ~; of the FD scheme and Bernoulli polynomials, the equality is verified.

= Paper in preparation with the details of the proof.
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Numerical results

B Smooth isentropic test case
B Sod shock tube
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Numerical results

0e000000
Euler equations
Consider the 1D system of conservation laws (1), setting
p pu
u=|pu| andA(u)=| pt’+p
pE u(pE + p)

with the following equation of state for an ideal gas

U2

p=(y—1)pe where e = E — —.

2
Consider the 2 waves scheme with MMF condition

A>ul+ec.
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Smooth isentropic test case

Set the initial condition
po(x) =1+ 0.5sin(27x),

Up(x) =0,
po(x) = p7(x,0)
v =3.
I 1
1.5 nitial density | 1.5 [~ — % Density - N = 200
Exact density
1 1
0.5 ‘ ‘ ‘ 0.5 ‘ ‘ ‘ B
—1 —-0.5 0 0.5 1 —1 —-0.5 0 0.5 1
(a) Initial state (b) Final time T = 0.08

Figure 2: Density of the smooth isentropic test case, 2-waves model, FV scheme, 3rd order, non-uniform mesh.
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Smooth isentropic test case

AXpi A
Set the CFL numberto 1: At = % Non-uniform mesh: —<™* _ 1135,
min
TTTT T LA T T Ty 1 T T LA T UL 1
B o r
e A pu
10-5 10-5 |
S
5]
o
~ 1081 108 |-
10—11 - 10711 [
Ll Ll Ll Ll Ll Ll
102 108 10* 102 108 10*
Number of cells Number of cells
(a) Finite Difference scheme (b) Finite Volume scheme

Figure 3: L2-error of the 2 waves FD and FV schemes on non-uniform mesh for the smooth test case at time T = 0.08.
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Numerical results
0000®000

Sod test case

Set the initial condition
po(X) = Ty<0.5 +0.125 x 1y>0.5,

UO(X) = 07
Po(x) = Ly<o5+0.1 x Ly>05.
Sety=14.
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Numerical results
00000®00

Sod test case

A .
Set the final time T = 0.2, N = 100 points and the CFL number to 1: At = Smin
AXmax
Non-uniform mesh: —X™* _ 11 35,
AXmin
T T I \ ] T I \ 1
1 —— FD - Order 3 1% —— FV-Order 3
Exact solution ——— FV-Order3-TVD
Exact solution
0.5 0.5
! ! ! ! ! ! ! !
0 02 04 06 038 1 02 04 06 08 1

(a) Finite Difference scheme

(b) Finite Volume scheme

Figure 4: Density, Sod shock tube with 2-waves model, FD and FV scheme of third order with and without TVD flux limitation on

non-uniform mesh. Solution displayed with N = 100 cells.
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Sod test case

—— FV - Order 3

T T T —— FD - Order 3 T T T
| Exact soluti ——¢— FV-Order3-TVD
1 R il xact solton Exact solution
0.5 N -
0 %‘Q
| | | | | | | I
0 02 04 06 08 1 0 02 04 06 038 1
(a) Finite Difference scheme (b) Finite Volume scheme

Figure 5: Velocity, Sod shock tube with 2-waves model, FD and FV scheme of third order with and without TVD flux limitation on
non-uniform mesh. Solution displayed with N = 100 cells.
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Sod test case

T I I 1 T I I 1

1 Josooreosredsy FD - Order 3 1 jmemmremmeen —>— FV - Order 3
Exact solution 1 ——¢— FV-Order 3- TVD
Exact solution
0.5 0.5
oL \ \ \ \ | oL \ \ | \ ]
0 02 04 06 038 1 0 02 04 06 038 1
(a) Finite Difference scheme (b) Finite Volume scheme

Figure 6: Pressure, Sod shock tube with 2-waves model, FD and FV scheme of third order with and without TVD flux limitation on
non-uniform mesh. Solution displayed with N = 100 cells.
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Conclusion and perspectives

(ionclusion N \\\\ \\\
Conclusion

B Two computationally explicit schemes of arbitrary high order on non-uniform meshes that share the same
fluxes on uniform meshes.

B Finite Differences scheme:

> good results despite non-conservativity,
> Lax-Wendroff theorem under restrictive conditions.

B Finite Volume scheme:

» consistency of the limit scheme (¢ = 0) with the initial conservation law (1),
» consistency of the scheme ¢ # 0 with the relaxing system (3),
» Lax-Wendroff theorem on non-uniform mesh.

B k-waves scheme implemented at order up to 3 in time and space for scalar (transport, Burgers) and vector
(waves equation, Euler) problems.

Perspectives
B | agrangian scheme: 1st results at order 1,
B Hyperelasticity model, fluid-structure coupling,
B 2D, unstructured meshes.
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Thank you for your attention
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