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Learning vector fields

u̇ = f (u)

model the vector field with a neural network

recover the solution with numerical methods
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Figure: A multi-layer perceptron (MLP) according to ChatGPT.
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The multi-layer perceptron (MLP)

MLPs are a class of parametric approximation func-
tions based on compositions.

f (z; Θ) = FΘL ◦ ρ⊙ ◦ FΘL−1 ◦ ... ◦ ρ⊙ ◦ FΘ1(z)︸ ︷︷ ︸
h1︸ ︷︷ ︸

hL

Θ = (Θ1, ...,ΘL) are the parameters;

h1, ...,hL are called the “hidden variables”

FΘℓ
(h) = Aℓh + bℓ with Θℓ = (Aℓ,bℓ);

ρ is a scalar activation function applied
component-wise, e.g.

ρ : λ 7→ max(0, λ) (ReLU)

ρ : λ 7→ tanh(λ)

ρ : λ 7→ log
(
1 + eλ

)
(Softplus)

z

. . .

hℓ

. . .

f (z; Θ)

ρ(A0u + b0)

ρ(Aℓhℓ + bℓ)

a T
L hL + bL
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The learning / fitting strategy

“Learning” consists in minimizing an objective function, the “loss”

min
Θ

L(Θ) :=
1
N

N∑
b=1

d
(

f
(
z(b),Θ

)
, f

(
z(b)))

Some important precisions
1 The gradient w.r.t. Θ is computed using automatic differentiation;

2 This is done using stochastic gradient descent, i.e. batches;

the dataset
{(

z(b), f (z(b))
)}

is too large otherwise

reduces overfitting, as a sort of annealing term

3 Sometimes the objective function is not the immediate output of the
neural network.

fit the differentials of
the output

penalisation on the
parameters ∥Θ∥

regularisation using
e.g. finite differences
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What are Hamiltonian dynamics?

Derive the dynamics on the position & momentum
from a Hamiltonian (q,p) 7→ H(q,p) ∈ R,

q̇ = ∇pH(q,p), ṗ = −∇qH(q,p)

u =

[
q
p

]
︸ ︷︷ ︸
coordinates

, u̇ = J−1∇H(u)︸ ︷︷ ︸
Hamiltonian
dynamics

, J =

[
0 −I
I 0

]
︸ ︷︷ ︸

symplectic form

Non-canonical problems

� the symplectic form derives from a potential
Lotka-Volterra magnetic field lines guiding center

Learn a symplectic potential
and a Hamiltonian with a neural network

[Greydanus, Dzamba, and Yosinski 2019]
[Chen, Matsubara, and Yaguchi 2021]

u

. . .

hℓ

. . .

H(u)

ρ(A0u + b0)

ρ(Aℓhℓ + bℓ)

a T
L hL
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The importance of structure – Lotka-Volterra(
ẋ
ẏ

)
=

(
0 −xy
xy 0

)(
1 − 1/x
1 − 1/y

)
� fit the symplectic potential A and

the Hamiltonian H on ẋ , ẏ
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Figure: Sample trajectory in the validation set for (left) t ∈ [0, 6.5] and (right) t ∈ [793.5, 800],
computed using DOP853 with tolerances atol = rtol = 10−10.
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The importance of the scheme

0 5 10 15 20

0.8

1.0

1.2

1.4

1.6 ref [RK4] VF learning [RK4]

19980 19985 19990 19995 20000

Time-evolution t 7→ x(t) of a solution of the Lotka-Volterra problem,
∆t = 1/4.

Standard
scheme
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long time
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� discard vector field learning (in this context)
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Why learn the exact vector field?

Since the end goal is simulation, we could instead learn the mapping

u(0) u(∆t) u(2∆t)
t 7→ φt t 7→ φt

φ∆t φ∆t

- assume the dataset is now
{(

u(b)(0),u(b)(∆t)
)}

.

Why learn f ( · ; Θ) ≈ f
when we could learn Φ∆t( · ; Θ) ≈ φ∆t?

Use a numerical integrator e.g.

Explicit Euler : φ∆t(u) = u +∆t f̃∆t(u; Θ)

Implicit Euler : φ∆t(u) = u +∆t f̃∆t
(
φ∆t(u); Θ

)
® Does the modified VF f̃∆t exist? Is it Hamiltonian?
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Backward error analysis in the linear case

the numerical solution is the exact
solution of a perturbed vf

f

un

f∆t

b.e.a.

Φ∆t

φ∆t ( · ;∆t)

the exact solution is the numerical
solution of a modified vf

f

u(∆t)

f̃∆t

corrected
b.e.a.

φ∆t

Φ̃∆t

For a linear problem ż = Mz,

φ∆t = e∆t M

Φ̃∆t = id+∆t M̃∆t

}
=⇒ M̃∆t =

1
∆t

(
e∆t M − id

)
.

-

In the non-linear case, the best we can get is

∥φ∆t − Φ̃∆t∥ ≲ e−1/∆t

[Chartier, Hairer, and Vilmart 2010]

-
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Error convergence without structure

err =
∥∥∥eTM −

(
id+ δt M̃∆t

)T/δt
∥∥∥ , M = J−1I2 =

(
0 1
−1 0

)
.
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Figure: Error at a time T = 5 for different learning time-steps ∆t and simulation time-steps δt
using the explicit Euler method (left) and the midpoint method (right).

� simulate with the same time-step as for learning
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Error convergence with structure

err =
∥∥∥eTM −

(
id+ δt J−1H̃∆t

)T/δt
∥∥∥ , H̃∆t =

1
2
(
JM̃∆t + (JM̃∆t)

T)
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Figure: Error at a time T = 5 for different learning time-steps ∆t and simulation time-steps δt
using the explicit Euler method (left) and the midpoint method (right).

� use a scheme appropriate for the structure
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An appropriate numerical scheme

Need the gauge ansatz

z =

[
x
y

]
, A(z) =

[
ϑ(x , y)

0

]
.

which generates the dynamics

(Dyϑ)
Tẋ = ∇y H,

(
Dxϑ

T − Dxϑ
)
ẋ − Dyϑ ẏ = ∇xH.

The “appropriate” scheme we consider is from [Ellison et al. 2018],{
ϑn+1 = ϑn + (Dxϑ

n)T(xn − xn−1)−∆t∇xHn

xn+1 = xn +∆t
(
Dyϑ

n+1
)−T∇y Hn+1

where exponents denote the time step of the arguments.

-
The scheme is sensitive to perturbations on ϑ,

even if they don’t impact the z-dynamics! -
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Learning using the scheme

� Learn by minimizing the squared norm of the scheme

Sn
∆t =

1
∆t

[
ϑn+1 − ϑn − (Dxϑ

n)T(xn − xn−1) + ∆t∇xHn(
Dyϑ

n+1
)T
(xn+1 − xn)−∆t∇y Hn+1

]

with (xn−1, zn, zn+1) known from the dataset.

� Avoid the trivial action (ϑ,H) → (0,0) with a regularisation term

exp

(
−C

∥∥∥(Dzn+1Sn
∆t
)−1

∥∥∥−2
)

� basically forces the smallest singular value of Dyϑ to be “large”.

m In theory the loss can go to e−1/∆t ≪ 1
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Results on scheme learning

A C. Courtès, E. Franck, M. Kraus, L. Navoret, LT. In preparation (2024).

u(0) u(∆t) u(2∆t)
t 7→ φt t 7→ φt
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Figure: Time evolution t 7→ x(t) for a Lotka-Volterra problem, ∆t = 1/4.
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Summary

Quick overview

Hamiltonian dynamics (formulas and qualitative behaviour)

learning and the importance of structure

Vector field learning

� simple approach

m great for standard schemes

l unexpected behaviour

Scheme learning

� goal-oriented loss

m long-time simulation

. fixed time-step

What’s left

do more test cases

caracterize the “best” symplectic potential

Thank you for you attention!
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