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Advection-diffusion equations

2D unsteady nonlinear advection-diffusion on [x—, x| x [y, y "] x [0, T¢]
ou+V-(u®u—rvVu) =S8,
withu = [u,v]"and S = [S,,S,]". If we introduce the notations

Fo=uu, Fyg=—-vdmu, F=F,+Fy=][F,F],
Go=vu, Gg=-vdu, G=Gg+Gy=I[GyG)]",

equation (1) can be written
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Discontinuous Galerkin schemes

DG variational formulation for the 1D conservation law 0su + 9xF(u) = S
FL
O ()" (x)dx = x)dx + / / OxOk(X)F(u)(x, t)dxdt

el 5 gl 5
— (/ ek(XjJrl)F(ﬁ)(XjJrl, T)dt — / ek(X,')F(fl)(X,', T)dt)

tn tn

1 -
+e (/r Fa(O) (Xit1)u(Xiy1, t)dt—/ Fo(6) (x)a(x;, t)dt)

n tn

Wi

-n

g+l
+/w,-/r Ok (x)S(x, t)dxdt. (5)
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Discontinuous Galerkin schemes

What about high order in time and numerical fluxes?

t.rH»l

O (X)u" (x)dx = dx+/ / OOk (X)F(u)(x, t)dxdt
wj wj J 1

tn+1 tn+1

_ (/tn 0 (XI+1)F( )(Xit1, t)dt — /Tﬂ Qk(X,')F(ﬁ)(X/, T)df)

Fa(0k) (xi)u(x;, T)dt)

tn+1 Tn+1

+€ (/
T”+1
+/ / S(x, t)dxdt.
wj J

Fa(0k) (Xix1)u(xjt 1, t)dt — /

tﬂ
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Numerical fluxes

Choice of classical numerical fluxes on edge xe = w; Nwp

* Rusanov (or LLF) for F(iie) in the original terms

- 1 _ o _

Fip= B [F(u)™ + F(ug) | + 5 [w —ug], (M)
e Jump for u, in the extra terms

[0 — vy ] Fe. (8)

N | =

U /p =

qu(z,t) qr(t) qr(z, t)

Cell wp, Te Cell wg
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ADER framework

ADER methods (Arbitrary high order DERivatives) are of Finite Elements type
(ADER-FV, ADER-DG) = high order in time = high order in space

® Prediction step: determine a space-time Galerkin predictor ¢/ (x, t) cell by cell
L2
q(Xa t) = Z QIZ@E(Xu t)v (9)
(=1
® Correction step: recombine information u*(x) between cells + impose BC
L
ut(x) = Y ujby(x). (10)
=1
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ADER framework

”“(w) ui i (x) Z‘If(m)
Tt % 3¢ s 34 34 = =
o * * * (6] * * * o * * * (@]
q; 1 (z,t) q; (z,t) qgﬁi—l(mat)
(6] * * * (©) * * * o * * * o
(6] * * * [©) * * * o * * * o
tTL
> > > > > % > > T
ui () x; ui(z) Tit1 uiy ()

Figure: Sketch of the ADER procedure for a P, approximation.
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ADER framework

ADER variational formulation for the 1D conservation law d:q + 0xF(q) = S
1
/ Ok(x, " Hg(x, " dx— / / 0Ok (x, t)a(x, t)dxdt
wj wj J 1

A
+/w,-/ Ok(x, t)0xF(q)(x, t)dxdt

r"+1
:/ k(X, dx+/ / S(x, t)dxdt.
wj J "

with P, _; expansions u(x 211@92 ) and w(x, t) ZW@@@ X, t).
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ADER framework

Summary of the fully explicit, one step, high order ADER-DG scheme
1. O cells: compute the volume source term S¢,

2. O cells: determine the predictor q¢ s.t.

Aqc + BF¢ = Cu + DSc, (12)

3. O edges: compute the wave speeds g, and numerical fluxes e, Fe (+ BC),

4. O cells: update the solution uc... with the DG scheme!

ult! = u} + LFo — |MFg p — NF, /C} + & [Piig/s — Oy /] + ASc. (13)
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ADER-DG variants

IPDG methods (Interior Penalty Discontinuous Galerkin)

ol
/ Gkun—HdX = / Hkundx - / (_ak"':d(ﬁ) S €Fd(9k)fl) (Xi+l7 '[')df:i: 000 (14)
wj wj o
Parameter ¢ IPDG method Abbreviation
—1 Symmetric Interior Penalty Galerkin SIPG
0 Incomplete Interior Penalty Galerkin IIPG
+1 Nonsymmetric Interior Penalty Galerkin NIPG

Table: Three IPDG methods depending on the value of the parameter ¢.
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ADER-DG variants

Cattaneo relaxation method based onw — dyuas 6 = O(ht) — 0

{ Ou+ Ox(Fg —vw) =S,

1 (15)

Orw = —(Oyu — w).

5

= Hyperbolic system...

el L e

... Which is not solved!
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ADER-DG variants

Parameters to be chosen to close the method
® Value ofe € {—1,0,+1},

¢ Diffusive wave speed oy in the stabilization term (o = o (04, 04))

Fuyp = 5 [F@)* +F(an) ] +5 [af —aa].

Cell wy, Te Cell wg
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ADER-DG variants

IPDG penalty vs. Cattaneo relaxation: an overview

SIPG IIPG NIPG Cattaneo
e=+1 e=0 e=—1 e=0
KipV NG
9T h 7= pip

wp = yp(L — 1)%, yp = 10

V2 -1
se=v\ 7% yYe=1

2L — 2
2
0 =0a+0g 2R+
Order L \ Order (L—1)orl \ Order (L—1)orlL Order ?
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Numerical results
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Numerical results
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Conclusion
Two main conclusions
® Among the three IPDG methods: always SIPG >> IIPG, NIPG
< Example: S = 1h32, 1 = 1h51, N = 2h00 (N = 642, P3).
® Cattaneo relaxation > SIPG penalty? Always for P; otherwise it depends...

ac(l) -h S as(L) -h
oc(v,L,h) — os(v,L, h)

Ate(v,L,h) > Ats(v, L, h) & N < N(vL),

< N, = 00,195, 48, 26 resp. for Py, Py, P3, P, and v = 1072,

< Example: S = 8m03 / 1h58, C = 4m19 / 2h54 (N = 162/32% Py).

= Quick and easy to implement & improved efficiency!
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