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Context

Context

Plasma: State of matter with moving electrons, ions, neutrals
Focus on (kinetic) transport of the (light) electrons

Hypothesis:
o Weakly-ionized: n, > ne, n;

@ Parabolic scaling:
Elastic n — e collisions > Transport/Acceleration >> Other interactions
— Isotropizing: f(v) — f(|v|)
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Context

Context

Plasma: State of matter with moving electrons, ions, neutrals
Focus on (kinetic) transport of the (light) electrons

Hypothesis:
o Weakly-ionized: n, > ne, n;

@ Parabolic scaling:
Elastic n — e collisions > Transport/Acceleration >> Other interactions
— Isotropizing: f(v) — f(|v|)

Scaled equation over distribution function f(t, x, v) of electrons:

E Conlf
af + ¥ v E g po Cenll)
€ € €

+ C(f)
with € = %: <1
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Expansion in order of €

© Expansion in order of ¢
@ Expansion of the collision operator
@ Hilbert expansion
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f the collision operator

Expansion in order of €
nsion

Expansion of the collision operator

Expanded elastic e-n collision operator:
Cen(f) = C2o(F) +€Co () + 2 C2(F) + O(€)
where, writing v = |v]|w,

, |
o (f :/ f—f) vendw, f:—/ f(Jv|w)dw
() 32( ) ’ A 52( )

Property: If f = f is isotropic then

o (F) =o0.
If additionally f, = M, = W exp(—Vv2/2T,) then
Cen(f) =0,
C2o) = 0y [moKealvl? (117 + To017)]
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Expansion of the col

Expansion in order of € . A
P Hilbert expansion

Hilbert expansion

Distribution function
f=f4ef'+77+0(E)

Expanded equations:

€2 0 =C2. (%
el vV fO— E-V, 0 =C0 (fY)+ CL ()
e OefO+ v -Vt —E-V, 1 =C0 () + C (') + C(r)

C(f) = C2,(F)+ C(f)
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Expansion of the col

Expansion in order of € . A
P Hilbert expansion

Hilbert expansion

Distribution function
f=f4ef'+77+0(E)

Expanded equations:

€2 0 =C2. (%
el vV fO— E-V, 0 =C0 (fY)+ CL ()
e OefO+ v -Vt —E-V, 1 =C0 () + C (') + C(r)

C(f) = (N+ch
Implication:
e Order ¢ 2 implies 0 = f? isotropic (then also CZ (%) = 0)
o Fredholm alternative: Need

/ c2.(fh :o:/ v Vif®—E-V,f°

st s?

/ CF)=0= [ 0P+ v -V ' —E-V,f1 = C(f) - ()
S2 : S2

(see also Z. Tazakkati 30/05 12:40 Forban)
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© Moment approximation
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Moment approximation

€1 equation

Hypothesis: Isotropic fO(|v|) from the order ¢ ~2 equation
Weak form of the ¢! equation: V¢ € L2

/¢>(v-vxf°—E.vvf0—Cg{n(fl)) dv =0 (1)
R3
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€1 equation

Hypothesis: Isotropic fO(|v|) from the order ¢ ~2 equation
Weak form of the ¢! equation: V¢ € L2

/¢>(v-vxf°—E.vvf0—an(fl)) dv =0 (1)
R3 '

Remark: If ¢(]v|) then (1) holds trivially
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Moment approximation

€1 equation

Hypothesis: Isotropic fO(|v|) from the order ¢ ~2 equation
Weak form of the ¢! equation: V¢ € L2

/¢>(v-vxf°—E.vvf0—an(fl)) dv =0 (1)
R3 '

Remark: If ¢(]v|) then (1) holds trivially

Galerkin approximation: Choose ¢ € Ey = Span(v, ..., v|v|>N=2) then
(1) = %pr(y*z)(fo) n 2/:—;— 3p(2’)(f'0)E — Fl2+1) (Cé).n(fl))

with the notation

p(2’)(f):/|v\2/f(v)dv, F(2’+1>(f):/v\v|2’f(v)dv

\4
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Moment approximation

€? equation

Hypothesis: p(?)(f) = p(>)(£0)
Weak form of the <” equation: Vi € L2

/ Y (atfo +v Vit —E-V, = (") - f(fo)) dv =0 (2)
R3

A. Alvarez-Laguna & T. Pichard Plasma 5/7



=l
50 equation

equation

Moment approximation

€? equation

Hypothesis: p(?)(f) = p(>)(£0)
Weak form of the <” equation: Vi € L2

/ Y (atfo +v Vit —E-V, = (") - f(fo)) dv =0 (2)
R3

Galerkin approximation: Choose ¢ € Ey = Span(1,...,|v|?") then

@) = e (FO)+div FRHD(FL)+2 FRI=D(£1).E = p) (C(fo))
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Moment approximation

€? equation

Hypothesis: p(?)(f) = p(>)(£0)
Weak form of the <” equation: Vi € L2

/ Y (atfo +v Vit —E-V, = (") - f(fo)) dv =0 (2)
R3

Galerkin approximation: Choose ¢ € Ey = Span(1,...,|v|?") then

@) = e (FO)+div FRHD(FL)+2 FRI=D(£1).E = p) (C(fo))
Choose ¥ € En = Span(v, ..., |v|*N=2v) then

() = dinMI(E)RAM(F)-E = FEHD (%) 4 C(F7))
with the notation

M(2/)(f):/VVT‘V‘ZI_zf(V)dV
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Moment approximation

Moment system
For all / < N:

1
7vx (214+2) fO
3 VaP )

D2 (F0) + div FRI (1) 4 21FED(£1) - E = p) (E(£9)),

2/ +3
=5 pP(F)E = FERI(C2(FY)

Remark: Even moments of ° and odd moments of !

with the notation
p20(F) = / VR ()dv,  FORD(F) = / Vv F(v)d,

/
MED(F) = /WT\VFHf(v)dv
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e~ 1 equation
. . 50 equation
Moment approximation

Moment system
For all / < N:

1
7vx (214+2) fO
3 VaP )

D2 (F0) + div FRI (1) 4 21FED(£1) - E = p) (E(£9)),

2/ +3
=5 pP(F)E = FERI(C2(FY)

Remark: Even moments of f° and odd moments of f!
And potentially add

d:'vXM(2”2)(f1)+2/M(2/)(f1) E — F(2+1) (Co(f2)+C(f°))

with the notation

’ f):/\v|2’f(v)dv, F<2’+1>(f):/v|v|2’f(v)dv,
MED(F) = /WT\VFHf(v)dv
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Conclusion

To sum up:

@ Hypotheses for the considered physics
< Scaled electrons transport equation
< Reduced to 1 small parameter ¢

@ Asymptotic expansion with respect to this parameter
— Expanded collision operators
— Hilbert expansion for the equation
< Additional assumptions on f° and f!

@ Moment reduction = Galerkin approximation on these equations

Other considerations:
@ Moment closure = Solve the Galerkin system
@ Entropy considerations through the derivation

@ Numerics and physical applications
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