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OSWR for the Oseen problem

Oseen problem

We look for a velocity u and a pressure p such that

L(u,p) :=0u—vAu+ (b-V)u+Vp = f
V.u = 0

u(-,0) = o
u = 0

with given divergence free advection field b, a source term f and an initial condition ug. For

uniqueness, we state fQ p=0,

in Qx]0,T[
in Qx]0, T
in Q

on 90x]0,T[

v

Partition of the domain 2 = Q1 U Q9

Equivalent multidomain formulation:

L(ui,p1) =f in Q1 x]0,T[  L(uz,p2) =
V-ul =0 ianX]O,T[ V-u2 =0
ui(-,0) =up in Q1 uz(-,0) =up

with physical transmission conditions on I'x]0, T’

u; = uy

vOn;; Wi nij — pi = 5 (i nij) (W - nj) =vdn;; w5 - nij —pj —

1 1
I/an,ju‘,‘ X n;; — i(bi- n,'j)(u‘,' X nij) :l/anjiui X n;; — 5

1
5 (bj-nyi)(u; - nji)

(bj nj;)(u; x nj;)
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OSWR for the Oseen problem

Oseen problem
We look for a velocity u and a pressure p such that

L(u,p) = 0u—vAu+ (b-V)u-+ Vp f in 2x]0,T[

Viu = 0  inQx]0,7]
u(- 5 0) = Uup in Q
u = 0 on 002x]0, T

with given divergence free advection field b, a source term f and an initial condition ug. For
uniqueness, we state [, p =0,

Partition of the domain Q = Q1 U Q9

Equivalent multidomain formulation:

E(ul,pl) =f in QlX]O,T[ [,(uz,pQ) =f in QQX]D,T[
V-ul =0 in QlX]O,T[ V-u2 =0 in QQX]O,T[
ui(-,0) =ug in Q1 uz(-,0) =up in Q2
with equivalent Robin transmission condition on boundary I'x]0, T’
Bi(ui,p1) = Bi(uz,p2) Ba(ui,p1) = Ba(uz,p2)
Ci(ur1) =Ci(u2) Co(ur) =Ca(u2)

with
. 1
Bi: (u,p) = o (v(-1)"Opum; —p — §(b' n;)(u'n;)) + u-ny

; 1
Ci:u— ,Bi(u(—l)”l@mu X n; — 5(b~ n;)(u x n;)) +uxmn;
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OSWR for the Oseen problem

OSWR algorithm

Given initial Robin data :

fort=1,2,...

L(ui, pf)
V- uf
u{('vo)
Bi(uf,p})
Cl(uﬁ)

=0
= Bl(uf_l,[)g_l
=Ci(uy )

)

in Q1 x]0, T
in 1 X}O,T[
in Q1

on I'x]0, T
on I'x]0, T

L(u, pj)
V. ug
ug('ro)
82(11'/27 pé)
Co(ub)

=0

=ug
:Bg(uf_l,p
=Cy(uj )

l—

b

in Q3 x]0, T
in Q2x]0,T]
in Qo

on I'x]0, T
on I'x]0, T

4/15



OSWR for the Oseen problem

OSWR algorithm

Given initial Robin data :

for¢=1,2,...
Lué,pt) =f¢ in Q1 x])0,T[ L(ub,ph) =f in Q2x]0,T[
V-uf =0 in Q1 x]0,T[ V-ufy =0 in Q2x]0,T[
u{(,0) =uo in uf(-,0) =ug in Qg
Bi(uf,pf) =gl onDx]0,T[ Ba(ub,ph) =gi' onIx]0,T]
Ci(u)) = £f;1 on I'x]0, T'[ Ca(uh) = é;l on I'x]0, T

Then update the Robin quantities

¢ Qij g1 Qi Qi o

9ij = 95 T T o Wi
Jv Jr

gt = Bisgemr B ¥ Bji e

ij = i j X i
Bji 7 Bji

We intend to choose the free parameters a; such as
® the algorithm is well-defined and converges

® the convergence is the fastest possible
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Convergence of the algorithm

Convergence of the velocity

Convergence

Let ug € HY(Q), £ € L2(10,T[, (L2(R))?). If ouij = ajs, Bij = Bji, and if the algorithm is
initialized with ggj,ggj € L2(10,T[, L?(T';;)), then

4
S e

)

in CO([0, 7], (L*(€:))?) N L*(J0, T[, (H* (2:))?)

Proof is achieved via a weak multidomain formulation and energy estimates.
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Convergence of th

Non-convergence of the pressure

Relation between Robin quantities:

¢ 12 g1 a2t o21 g
912 = — 921 — T
a21 Qa1
r—2 12t Q21 4 a1z +a21 4
=g  —————up'm- ————Up N
12 Q21

Divergence free condition:

/ uf-ni:/uf-ni:()
29, r
£ _ £—2 __ 0
/912*/912 */912
r r r

— The Robin value on the interface remain constant on odd iterations, and then can not
converge to the real Robin value g12

Finally,
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Convergence of the algorithm

Recovering the pressure

® Based on the technic of D.-Q. Bui, C. Japhet, and Omnes 2023, extended for the Oseen
equations, and in two-sided

The error ef = uf —

u; and df :pf- — i
drel + Aef + (b-n)(ef -n) + Vdf =0
Assume the ef — 0 in L*°(]0, T[, (H?(€;))?) and dref — 0 in L*°(]0, T[, (L?(;))?), then
Vdi =0
And with Poincaré—Wirtinger inequality, we get
P — ((pa, — (pi)e,) — pi

where (p)q = ﬁ Jq ¢ is the mean value of ¢

= we just need to estimate (p;)q;,
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1ce of the a

The error relation for the Robin quantity is

1 _
@ij (Vanijef nij = (b n)(ef -n) — df) +ef -n; =hi !

then
¢ -1
leij(ps — pi) + 915 — gijllr,; =0
with
. s it
® relation g;; = a;i gji — ﬁuj sy

® divergence free condition
® zero mean condition for pressure Y, p; =0
® algebraic calculation
we get a linear system of size M x M (M being the number of subdomains) such that
Ayt =B*

and finally
pi=p —pi +Y{ — pi
l— 00
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At this step, with have defined an algorithm such that
® the velocity converges to the real velocity

® the pressure converges to the real pressure, up to the correction

But for fast convergence, we need to chose efficient Robin parameters a;j, 5;;.
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Optimized parameters

The problem on the error (i.e. with ug =0 and f = 0)

duf —vAul 4+ (b - V)uf + Vpt =0
V-ul=0

In Fourier decomposition

wuf — vdgzuf + vkPuf + bydput + byrkul + 9.t =0
Wt — vBrevt + vk v + beOzvt + byzkvf +1kpt =0

Bpuf + kv =0

® We can find explicit solution mode per mode

® With Robin relation on the interface, we get induction relation between solution at the

previous step
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Optimized parameters

We get that there exists two matrices Q and M (explicitly known) such that
uiw = Q(M(a, B, k?""))l ugw

Then, for minimizing uiw, we minimize the eigenvalues of M.
Optimized parameters

(a,B) :== argmin

max max(|A1],|A2])
(a,8)cr+*2 (W.R)EF, Z X[, ]

where A1, Ay are the eigenvalues of the 2 x 2 M matrix.
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Numerical results

Illustration of the behavior of the convergence of wu,

Iteration 1

b— ( sin(wz) cos(my) )

— cos(mz) sin(my)
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Illustration of the behavior of the convergence of wu,
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Numerical results

Illustration of the behavior of the convergence of wu,
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Numerical results

Illustration of the behavior of the convergence of wu,
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Iteration 13
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Numerical results

Illustration of the behavior of the convergence of wu,
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Iteration 16

b— ( sin(wz) cos(my) )

— cos(mz) sin(my)
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Convergence curves
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Conclusion and future work

Conclusion
® Convergence of the OSWR algorithm for the velocity
® Convergence with correction for the pressure

® Optimized parameters
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Conclusion and future work

Conclusion
® Convergence of the OSWR algorithm for the velocity
® Convergence with correction for the pressure

® Optimized parameters

Current work
® Navier-Stokes

® Coupling time parallel Parareal algorithm
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