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LAGA – Université Sorbonne Paris Nord

CANUM – mai 27-31th 2024

.
0

0
5

i
d

e
n

t
i

t
é

 
v

i
s

u
e

l
l

e
Un

iv
er

si
té

 S
or

bo
nn

e 
Pa

ri
s N

or
d



Table of Contents

1 Introduction

2 OSWR for the Oseen problem

3 Convergence of the algorithm

4 Optimized parameters

5 Numerical results



Table of Contents

1 Introduction

2 OSWR for the Oseen problem

3 Convergence of the algorithm

4 Optimized parameters

5 Numerical results



Introduction

Ω

Lu = f

AU = F

• With classical methods (e.g. finite volume, finite elements methods) we get a linear
system of size ∼ N .
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Introduction

Bibliography

• OSWR Space-time domain decomposition (Gander, Halpern, and Nataf. 2003(OSWR
heat 1D), Véronique 2005 (unsteady convection-diffusion))

• Efficient Robin boundary condition with Fourier analysis (Japhet and Nataf 2001,
Bennequin et al. 2016 (2D))

• OSWR for the incompressible Stokes (D.-Q. Bui, C. Japhet, and Omnes 2023), OSWR
for Oseen, without numerical results (D. Q. Bui 2021)
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OSWR for the Oseen problem

Oseen problem

We look for a velocity u and a pressure p such that

L(u, p) := ∂tu− ν∆u+ (b·∇)u+∇p = f in Ω×]0, T [
∇·u = 0 in Ω×]0, T [

u(· , 0) = u0 in Ω
u = 0 on ∂Ω×]0, T [

with given divergence free advection field b, a source term f and an initial condition u0. For
uniqueness, we state

∫
Ω p = 0,

Partition of the domain Ω = Ω1 ∪ Ω2

Equivalent multidomain formulation:

L(u1, p1) = f in Ω1×]0, T [
∇ · u1 = 0 in Ω1×]0, T [
u1(·, 0) = u0 in Ω1

L(u2, p2) = f in Ω2×]0, T [
∇ · u2 = 0 in Ω2×]0, T [
u2(·, 0) = u0 in Ω2

with physical transmission conditions on Γ×]0, T [

ui = uj

ν∂nijui · nij − pi −
1

2
(bi·nij)(ui · nij) =ν∂njiuj · nij − pj −

1

2
(bj ·nji)(uj · nji)

ν∂nijuj × nij −
1

2
(bi·nij)(uj × nij) =ν∂njiui × nji −

1

2
(bj ·nji)(ui × nji)
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with given divergence free advection field b, a source term f and an initial condition u0. For
uniqueness, we state

∫
Ω p = 0,

Partition of the domain Ω = Ω1 ∪ Ω2

Equivalent multidomain formulation:

L(u1, p1) = f in Ω1×]0, T [
∇ · u1 = 0 in Ω1×]0, T [
u1(·, 0) = u0 in Ω1

L(u2, p2) = f in Ω2×]0, T [
∇ · u2 = 0 in Ω2×]0, T [
u2(·, 0) = u0 in Ω2

with equivalent Robin transmission condition on boundary Γ×]0, T [

B1(u1, p1) = B1(u2, p2) B2(u1, p1) = B2(u2, p2)
C1(u1) = C1(u2) C2(u1) = C2(u2)

with

Bi : (u, p) → αi

(
ν(−1)i+1∂xu·ni − p−

1

2
(b·ni)(u·ni)

)
+ u·ni

Ci : u → βi

(
ν(−1)i+1∂xu× ni −

1

2
(b·ni)(u× ni)

)
+ u× ni
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OSWR for the Oseen problem

OSWR algorithm

Given initial Robin data :

for ℓ = 1, 2, . . .

L(uℓ
1, p

ℓ
1) = f in Ω1×]0, T [

∇ · uℓ
1 = 0 in Ω1×]0, T [

uℓ
1(·, 0) = u0 in Ω1

B1(uℓ
1, p

ℓ
1) = B1(u

ℓ−1
2 , pℓ−1

2 ) on Γ×]0, T [

C1(uℓ
1) = C1(uℓ−1

2 ) on Γ×]0, T [

L(uℓ
2, p

ℓ
2) = f in Ω2×]0, T [

∇ · uℓ
2 = 0 in Ω2×]0, T [

uℓ
2(·, 0) = u0 in Ω2

B2(uℓ
2, p

ℓ
2) = B2(u

ℓ−1
1 , pℓ−1

1 ) on Γ×]0, T [

C2(uℓ
2) = C2(uℓ−1

1 ) on Γ×]0, T [
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OSWR algorithm

Given initial Robin data :

for ℓ = 1, 2, . . .

L(uℓ
1, p

ℓ
1) = f in Ω1×]0, T [

∇ · uℓ
1 = 0 in Ω1×]0, T [

uℓ
1(·, 0) = u0 in Ω1

B1(uℓ
1, p

ℓ
1) = gℓ−1

12 on Γ×]0, T [

C1(uℓ
1) = ξℓ−1

12 on Γ×]0, T [

L(uℓ
2, p

ℓ
2) = f in Ω2×]0, T [

∇ · uℓ
2 = 0 in Ω2×]0, T [

uℓ
2(·, 0) = u0 in Ω2

B2(uℓ
2, p

ℓ
2) = gℓ−1

21 on Γ×]0, T [

C2(uℓ
2) = ξℓ−1

21 on Γ×]0, T [

Then update the Robin quantities

gℓij =
αij

αji
gℓ−1
ji −

αij + αji

αji
uℓ
j · nji

ξℓij =
βij

βji
ξℓ−1
ji −

βij + βji

βji
uℓ
j × nji

We intend to choose the free parameters αi such as

• the algorithm is well-defined and converges

• the convergence is the fastest possible
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Convergence of the algorithm

Convergence of the velocity

Convergence

Let u0 ∈ H1(Ω), f ∈ L2(]0, T [, (L2(Ω))2). If αij = αji, βij = βji, and if the algorithm is

initialized with g0ij , ξ
0
ij ∈ L2(]0, T [, L2(Γij)), then

uℓ
i −→
ℓ→∞

u|Ωi

in C0([0, T ], (L2(Ωi))
2) ∩ L2(]0, T [, (H1(Ωi))

2)

Proof is achieved via a weak multidomain formulation and energy estimates.
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Convergence of the algorithm

Non-convergence of the pressure

Relation between Robin quantities:

gℓ12 =
α12

α21
gℓ−1
21 −

α12 + α21

α21
uℓ
2 · n2

= gℓ−2
12 −

α12 + α21

α12
uℓ
1 · n1 −

α12 + α21

α21
uℓ
2 · n2

Divergence free condition: ∫
∂Ωi

uℓ
i · ni =

∫
Γ
uℓ
i · ni = 0

Finally, ∫
Γ
gℓ12 =

∫
Γ
gℓ−2
12 =

∫
Γ
g012

=⇒ The Robin value on the interface remain constant on odd iterations, and then can not
converge to the real Robin value g12
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Convergence of the algorithm

Recovering the pressure

• Based on the technic of D.-Q. Bui, C. Japhet, and Omnes 2023, extended for the Oseen
equations, and in two-sided

The error eℓi = uℓ
i − ui and dℓi = pℓi − pi

∂te
ℓ
i +∆eℓi + (b · n)(eℓi · n) +∇dℓi = 0

Assume the eℓi → 0 in L∞(]0, T [, (H2(Ωi))
2) and ∂teℓi → 0 in L∞(]0, T [, (L2(Ωi))

2), then

∇dℓi → 0

And with Poincaré–Wirtinger inequality, we get

pℓi − (⟨pℓi⟩Ωi
− ⟨pi⟩Ωi

) → pi

where ⟨φ⟩Ω = 1
|Ω|

∫
Ω φ is the mean value of φ

=⇒ we just need to estimate ⟨pi⟩Ωi
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Convergence of the algorithm

The error relation for the Robin quantity is

αij

(
ν∂nije

ℓ
i · nij −

1

2
(b · n)(eℓi · n)− dℓi

)
+ eℓi · nij = hℓ−1

ij

then

∥αij(p
ℓ
i − pi) + gℓ−1

ij − gij∥Γij
→ 0

with

• relation gij =
αij

αji
gji −

αij+αji

αijαji
uj · nji

• divergence free condition

• zero mean condition for pressure
∑

i pi = 0

• algebraic calculation

we get a linear system of size M ×M (M being the number of subdomains) such that

AY ℓ = Bℓ

and finally

p̃ℓi := pℓi − pℓi + Y ℓ
i −→

ℓ→∞
pi
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Convergence of the algorithm

At this step, with have defined an algorithm such that

• the velocity converges to the real velocity

• the pressure converges to the real pressure, up to the correction

But for fast convergence, we need to chose efficient Robin parameters αij , βij .

9 / 15



Table of Contents

1 Introduction

2 OSWR for the Oseen problem

3 Convergence of the algorithm

4 Optimized parameters

5 Numerical results



Optimized parameters

The problem on the error (i.e. with u0 = 0 and f = 0)

∂tu
ℓ
i − ν∆uℓ

i + (b · ∇)uℓ
i +∇pℓi = 0

∇ · uℓ
i = 0

In Fourier decomposition

ıωuℓ
i − ν∂xxu

ℓ
i + νk2uℓ

i + bx∂xu
ℓ
i + byıku

ℓ
i + ∂xp

ℓ
i = 0

ıωvℓi − ν∂xxv
ℓ
i + νk2vℓi + bx∂xv

ℓ
i + byıkv

ℓ
i + ıkpℓi = 0

∂xu
ℓ
i + ıkvℓi = 0

• We can find explicit solution mode per mode

• With Robin relation on the interface, we get induction relation between solution at the
previous step
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Optimized parameters

We get that there exists two matrices Q and M (explicitly known) such that

uℓ
kω = Q (M(α, β, k, ω))ℓ u0

kω

Then, for minimizing uℓ
kω , we minimize the eigenvalues of M.

Optimized parameters

(α, β) := argmin
(α,β)∈R+∗2

max
(ω,k)∈[ π

T
, π
∆t

]×[ π
Y

, π
∆y

]
max(|λ1|, |λ2|)

where λ1, λ2 are the eigenvalues of the 2× 2 M matrix.
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Numerical results

Illustration of the behavior of the convergence of ux
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Numerical results

Convergence curves
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Numerical results

Optimized parameter
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Conclusion

Thank for your attention !
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