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gl Toward a quantum computer

Quantum
error
correction

Quantum

feedback ® A qubit is a two-level quantum-mechanical system (2 unit sphere of (C2)
® spin of a particle, polarization of a photon ...
® a 2 dimensional subset of a higher dimensional system
= We encode a qubit in (a subset of) a physical system.

® Current experiments on qubits : 10~ is the typical error probability
during elementary gates (for classical computer < 107 ). Shor on
2048-bit integer ~ 10'? gates.

® Quantum Error Corrections (QEC): Use many physical qubits to encode a
single logical qubit. Very costly overhead + threshold.
—> Protection against noise is critical and reduction by several orders
of magnitude is required.
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s Two kinds of quantum feedback!
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1Wiseman/MiIburn: Quantum Measurement and Control, 2009, Cambridge University Press.
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Time evolution of open quantum systems

Closed system
H: Hilbert space,
W) € H, [I[9)] =1, [9) ~ € [);

(Schrédinger/Liouville)
d . d .
9wy =—iHI) & 2 p=—ilH,]

where p = |1) (¢| and
[H.p] = Hp—pH

Open system
p e K'(H),
p=p'>0Tr(p) =1

(Lindblad)
d .
5P = ~ilH. Pl + > DIL(p)

where
D[L](p) = LpLt — % (L'Lp+ pLTL)

H hermitian operator on H, L,: (unbounded) operator on .



Stabilization
of
dissipative
cat qubits

Time
evolution of
open quantum
systems

Quan!

Functional setting

The set of bounded operators on H denoted B(#) is a von Neumann
algebra.

The predual of B(H) can be identified with the set () of trace-class
operators using the trace as duality:

Tr:B(H) x K'(H) —C
(X, p) = Tr(Xp)

KC*(H) is a Banach space for the norm

Il =Te (1pl) = Tr (Vo)

The dual equation of

d i 1
ZiP = —ilH. 1+ D Lipl] — S (L Lip + pL] L))

J

d , 1
X =ilH.X]+ > ouxi, - S(WLX + XL]L).

J
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A quantum dynamical semigroup (7¢):>0 is a family of operators acting on
B(#) which satisfies the following properties:

To(X) = X for all X € B(H),
t+s(X) = Ti(T(X)) for all t,s >0 and X € B(H),
Te(1) <1 forall t >0,
Tt is a completely positive map for all t > 0. This means that for any
finite sequences (X;)1<j<n and (Y;)1<j<n of element of B(#), we have
Z Y] Ti(X[X;)Y; >0
1<j,1<n

(normality) for every weakly converging sequence (X,), — X in B(H),
the sequence (7:(X,))n converges weakly towards T:(X).

(ultraweak continuity) for all p € K and X € B(#), we have

[Jim Tr (pTe(X)) = Tr (pX) .
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L* is formally the adjoint of £; for X in (a domain in) B(#), it takes the form

L5(X) = i[H, X] + Y D*[L](X). (1)

We introduce G = —iH — 3 Z LTL and assume that G is the generator of a
strongly continuous semigroup of contractlons for the Hilbert norm on .

We say that the quantum dynamical semigroup (7¢)¢>0 is solution of Eq. (1)
if and only if the following equation is satisfied:

(V] Te(X) |u) = (v] X |u) + /(<\ 2(X)G |u)
+ (v 6T (X +Z (vI L] T(X) Ly |u) ) ds

for all |u),|v) € D(G), X € B(H) and t > 0.

Under a property known as conservativity of the minimal semigroup, there
exists a unique semigroup solution of Eq (1) and we have 7;(1) = 1 for all
t > 0. In this case, we say that the equation is well-posed and (7;) is a
Quantum Markov semigroup.
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Quantum harmonic oscillator

Classical harmonic oscillator

(x,p) €R?
d.__on
dt” piap
d =9
dtp_ WX T ox

with H(x, p) = £(x* + p°).

Quantum harmonic oscillator
H = L*(R,C)

The hamiltonian H satisfies o(H) = w(N + 1) with a (Fock) basis of

eigenstates (|n))nen.
w\1/4 w2
10) (x) = (2)* e

Define a = X + iP = =, then a' = X — iP, [a,a'] =/ and

H=w(a'a+ /).

In the Fock basis : a|n) =+/n|n—1), a' |n) =/n+1|n+1),

a'aln) = n|n).
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dissipative ® Quantum computers are noisy.
cat qubits

® Open quantum systems obey the Lindblad equation.

The states of a quantum harmonic oscillator : L*(R,C) (infinite
dimensional).

Cat states (|+),,,]—),)-
Cat qubit: the linear submanifold Span(|+)_ ,|-),)-

[0) ~ |+ a)

Coherent and
cat states +Z

|—yox |+a)—|—a)
(odd cat)
= +X y +Y
[+) < |+a)+|—a)

(even cat)
1) =~ a)

Image from AWS
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A first model

Idea : Use dissipation to stabilize the code space
C = Span(|+),,[-),) C L*(R,C).

& p=DlLl(p) = LpL' ~ S(LLp+ pL'L) (2)

with L = a®> — &2 Id.

Theorem (Azouit, Sarlette, Rouchon, 2016)

For every density operator po smooth enough, Equation (2) is well posed and
there exists poo with support on C such that p(t) —— poo.
t—oo

Main idea of the proof
Tr(LTLp(t)) is a strict Lyapunov function.
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Formally
9 (i) = D[t
dt
=L - % (L'LLfe+ ')
= o
Besides

L L) =[(a")? - o & — ] =[(a')% ") = —2ata — 2.
Thus formally,

d
2 T (L'Lpe) < —2Tr (LTLpe)
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Important features of dissipative cat qubits
® Typical noise in the cavity : €,Dl[a], esD[a'], esD[a'a]. ..
® Bit-flips (|0) ~ |a) — |1) & |—a)) are exponentially suppressed in |a|?

® Nevertheless, phase-flips (|+), — |—),) increases linearly in |a/*.
o = bias noise.

Sket
proof

.
[0) ~ |+ a)
+Z
=)o |+a)—|—a)

(odd cat)
= +X LAY

[+) x| +a)+]—a)
(even cat)
[1) ~[—a)

Image from AWS
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Main tool is reservoir engineering, based on an hamiltonian coupling with a
Vet quantum controller system.
Quantum ® Use a second (lossy) mode denoted by H, —
iy H=1*(R,C)® L*(R,C).
S ® Engineer the hamiltonian coupling L ® b + LT ® b.
e We obtain the equation
Motivations d
<P = —iglLb" + L"b, p] + 55 D[b](p)
etch of t
proof
Conclusion Using adiabatic elimination (T fixed, Dim(H) < oo, kp — ©0), we retrieve a
2
reduced system on H, with £-DIL].
Buffer 1 Cat-Qubit
[ il |
o

C,c

11
]
-

ext, 2

Exponential suppression of bit-flips in a qubit encoded in an oscillator,
R. Lescanne et al, 2020, Nature Physics.
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Theorem (R., Rouchon, Sellem, 2023)

For any g,k > 0, and any density operator pg, the equation

{ ( dgbl)) = —ig[Lb" + LTb, p] + ks D[b](p) (3)
p(t = = po

with L = a®> — o2 Id is well-posed and there exists poo with support on C ® |0)
such that

p(t) —— poo

t—oo
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s Tool: A LaSalle’s like invariance principle
Assume
® (Tightness) for any density operator po and € > 0, there exists a finite
dimensional linear manifold E such that the orthogonal projector Pg on E
et satisfies Tr (Pep:) > 1 — € for any t > 0.
Steteh of ® (Density) The span of

{P(GT7 b") |v) @ |0) | P non-commutative polynomial, v € Ker(L)}

is dense (G = —igH — %2 b).
then

Tr (Mep(1)) —— 1

with My = Mkerr) ® [0) (0.
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Ideas of proof of the new Lasalle principle

Using the density assumption, we can prove that:
For any t > 0, there exist a positive self-adjoint operator S > 0 such that

ﬁ(nL) 2 I-IL+57 4
S, =0, S|y >0, (4)

(H, = Ker (L) ®0).)

The main tool is the following integral representation formula: for any
lu) € D(G™),

t
(u] TN |u) = (u] €' 11, e |u) + n/ (u] €78 bIT(ML) b e 95 |u) ds
0



Stabilization
of

:;sigj:)ii\;: Tightness
_ (afa i 2
® Introduce V = ( 52 + b'b
* _a'a t . t T T
rm"m“mna L (V) = lgT(b — b) + Ig2b b(b — b) + :“i?bb b
Sketch of
proof a

— Kp—

X
2a b'b — 2k,(b'b)?

® Adding uW with W = £*(afa) = 2i(a®b" — (a7)?b), we can prove that
there exist C;, G; > 0 such that
[,*(V =+ ,U,W) < Ci — Cz(\/ —+ ,uW)

® This (with some functional analysis) shows that if Tr(Vpo) < oo, then
SUp,cx Tr (p(H)V) < 0.
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Density

Much harder. ..
A key element is the fact that

Span {(L'Y |v) | j €N, v e KerL} & Span {(L'Y[L, LT |v) | j €N, v € Ker L}
is dense in L*(R, C).
Tools :
® Segal-Bargmann representation (Holomorphic function in
L[2(C, e dz)).
® Coherent states are the reproducing kernels of this space.

® Decomposition of the space based on zeros of some holomorphic
functions using a theorem of Newman and Shapiro.
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s Extension and futur works
The proof works for 'multi-legged cat’ (L = a* — o).
Motivations Some open questions
Quantum ® Extension to several dissipators (multiple ancillae, time dependent
g non-resonant).
o ® Exponential stability ? Rigorous perturbation analysis.
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