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Motivation: Dynamical urban planning model

Solve
Oep1 — Apf —div(; V(Vi + ) = 0,
Otp2 — Ap3 — div(p2V (Vo + 1)) = 0,
p1(0,-) = p1,0, p2(0,-) = p2.0,

on a compact, convex subset €2 of R” with no-flux boundary conditions, where
p,qg =1, Vi and V5 are smooth potentials and ¢ and , ) are:

® Potentials of Kantorovich: Optimal transport problem

® Potentials of Schrédinger: Entropic regularization of optimal transport
problem
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Wasserstein distance

e Kantorovich relaxation (1942): given a source p; € P({2) and a target
p2 € P(Q)

W5(p1, p2) = min {// ly— x> dv(x,y) : v € H(pl,pz)} ;
QxQ
where

I(p1, p2) = {’y EP(QxQ) : myy=p1and Topuy = pg}.

® Wasserstein distance: W, define a metric on P(Q2) and an optimal - is called
optimal transport plan between p; and ps.
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Dual formulation and Brenier's theorem

Dual formulation:

W%(Pl» Pz)

=maX{/Q<m(X) dpl(X)Jr/QsOa(X) dp2(x) : p1(x) + p2(y) < IX—yIQ}-

Solutions (1, ¢2) are called Kantorovich potential.

Theorem (Brenier 1989)

If p1 < L), then Kantorovich's problem admits a unique solution +y induced by a
map T, i.e. v=(Id, T)sps.
Moreover, T is the gradient of a convex function and satisfies T = Id — V¢ where
@ Is a Kantorovich potential.
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Entropic regularization

® Regularized optimal transport problem:

Werlprop)i= _nt {[]canarin e [ tope - v},

Can be rewritten as

Wee(p1,p2) =€ inf  H(y|G),
Y€ (p1,p2)

where G, := e~ ¢ and H is the relative entropy defined by

Jaxaolog (g—Z) -Ddy ify<p
+00 otherwise.

H(ylp) = {
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Entropic regularization

® Regularized optimal transport problem:

Weelprpsyi=_int L[]t ce [[ ot -},

Can be rewritten as

Wc,e(pl>p2) =€ inf H(’HGE),
YEI(p1,p2)

where G, := e~ ¢ and H is the relative entropy defined by

H(ylp) = { {Qozﬂ(log () -V Fr<n

otherwise.

® Change of reference measure: Define

E(prp) = int { J[[ . cxnaniten + ol ®p2>}

Y€ (p1,p2)

Remark: W (p1, p2) = E(p1, p2) + eH(p1) + €H(p2).
— —



Dual problem and Schrédinger system
® Dual problem
E(php?)

:m"“"‘/ 61 dp1 + / $2 dpz — / 1 IT620)/< G (x, ) dpy () dpa(y).
P1,02 O Q Q2
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Dual problem and Schrédinger system

® Dual problem

E(pl’ p2)

= maX/ $1 dp1 +/ ¢2 dpa —/ el PTG (x, y) dp1 (x)dpa(y).
P1,92 JO Q 02
e Schrédinger system: Dual solutions (¢1, ¢2) satisfies p; ® ps a.e.

$2()

p1(x) = —elog ( [o e« Ge(x,y) dpa(y)

da(y) = —€log ( [, ™ G.(x,y) dp1 (x

N
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Dual problem and Schrédinger system

® Dual problem

E(pl’ PZ)

:ma"/ é1dp1 + / $2 dpz — / 1 IT620)/< G (x, ) dpy () dpa(y).
P1,02 O QO 02

e Schrédinger system: Dual solutions (¢1, ¢2) satisfies p; ® ps a.e.

P2
N Ge(Xa y) dp?(y)

$1(x)

< Ge(x,y) dp1(x)

6109 = —clog (f e
b2(y) = —elog fQ e

® Regularity: same as ¢ and unique in Ck = Ck x C¥/ ~ where

(¢1,02) ~ (¥1,92) & Irx € Rsuch that ¢1 =91 + K and o =¥ — K
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Lipschitz stability of the Schrodinger map

The Schrédinger map:
S (p1,p2) = (@1, 92)

Theorem (Carlier-Chizat-L., '22)

For k € N*, assume that c € C¥t1(Q). The Schrédinger map S : P()2 — Ck is
Lipschitz continuous, i.e. there exists C > 0 such that, for all
(p17 92)7 (/1/17 /1/2) S P(Q)4'

1S(p1, p2) — S(p1, p2)llge < C(W3(p1, 1) + Wa(p2, p2)) /2.

Remark: can be extended to multimarignal case
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ldea of proof

Denote P = (P17P2) and d) = (¢17 ¢2)
® Rewrite the Schrodinger system as

F(d)?p) =0

® For any optimal transport plan « € II(p, p), consider the interpolation

pP: = ((1 — t)ﬂ'l + tﬂ'g)#"}’

® Apply the implicit function theorem to

Ckx[0,1] —>cCk

T b s Fp)
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Displacement smoothness

Let po, p1 € P(Q2) and ~ an optimal transport plan between pg and p;. Define the
Wasserstein geodesic t +— p; by

pt =(1-t)m + tﬂ'g)#’}/.

A functional £ : (p1,...,p)) — E(p1,...,p1) is said A\-geodesically convex if

te[0,1] — E(pS, ..., pf) is A\-convex.

Corollary (Carlier-Chizat-L., '22)

If c € C?, then there exists A > 0 such that E and —E are (—\)-geodesically
convex.
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Optimal transport and labour market [Carlier-Ekeland '04]

® p1, po are the densities of inhabitants and firms in a city Q C R?,
* Commuting cost from x to y given by c(x,y), e.g. c(x,y) = |x — y|?,
® Where to work? Optimization problem over commuting cost and salary, 1 (y),

p(x) = yigg {cxy) =¥y} -

Construction of a transport map:

T(x) = argmin {c(x, y) — ¢(y)}

Then the equilibrium constraint reads Txp1 = p».

This problem is equivalent to solve the optimal transport problem
inf / c(T(x), x) dp1(x),
p2=Tup1 Jq

and ¢ and v are simply the Kantorovich potential associated to the dual
problem.
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Static urban planning model [Buttazzo-Santambrogio '05]

Optimal distribution in a city €: Existence and characterization of minimizers of

(p1,p2) = Wi(p1, p2) + F(p1) + G(p2),

where

® F represents a congestion effect for the inhabitants, for example

Fp) = /Q F(p(x)) dx = /Q Fi)p(g))p(X),

where F is convex and superlinear. % is unhappiness of a citizen living at a

place with density p.

® (G represents a concentration effect for the firms, for example

G(p) = / / =P ()
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Dynamical urban planning model
L. '20]

Dynamics of

E(p) = Ws(p1,p2) + F(p1) + Glp2)

® \Wasserstein gradient flow of £: Formally,

{ dep1 — div(p1 VF (p1)) — div(p1 V) = 0, (1)
Orpa — div(paVG(|x — y]) * p2) — div(p2 V1)) = 0,

where (¢(t),1(t)) is a pair of Kantorovich potential of Wa(p1(t), p2(t)),
t-a.e.

® /2 is not geodesically convex in general!

® Existence of weak solutions: JKO scheme
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Dynamic with noise

Dynamics of
Ec(p) = W5 (pr, p2) + F(p1) + G(p2)

® \Wasserstein gradient flowof & satisfies

Oip1 — div(p1 VF (p1)) — div(p1 V1) — eAp; =0,
Oep2 — div(p2VG(|x — y) * p2) — div(p2V2) — eApy = 0,
p1(0,-) = 1,05 p2(0,-) = £2,05

where (¢1, ¢2) are Schrédinger potentials.
e & is geodesically convex.

® Existence and uniqueness of Wasserstein gradient flow of W, .
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Asymptotic convergence

Proposition (Carlier-Chizat-L., '22)

Assume that H(p?) < +oc for every i, then p,, the WGF of W,,, converges at an
exponential rate to the equilibrium p*, defined by

efC(X,}’)/edy
o = 0T
Joz €

i.e. there exists k > 0 independent of p° such that

WC,e(Pt) - WC,e(P*) < e_m( WC,E(P()) - WC,e(P*))-

Remark: E is not A\-geodesically convex with A > 0
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Thank you for your attention!
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