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Context: Scaling ODE solvers

■ Computational challenge:

Solving high dimensional and complex ODE systems for modelling biological systems.

■ General model:

Ẋi = Fi(X ) = Hi(Xi ) +
1

N

N∑
j=1

Gij(Xi ,Xj) i ∈ {1, ..N}, Xi ∈ Rd .
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Computational limits (Benchmark: Kuramoto model)
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Mixed precision: a trade-off ?

■ Definition:
Use several numerical arithmetic precisions inside one computational tool.

■ Benefits:
Computational acceleration, less memory needed, better error control

■ Tools:
Linear Algebra, Machine Learning

■ Applications:
Physics, Meteorology
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Mixed-Precision and modern chips
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Current metric for performance

Due to the lack of transparency in Matlab computations, we choose to force the
arithmetic precision before each operation to ensure the corresponding accuracy.
We use the following theoretical assumption. For an arithmetic operation:

TD ∼ 2TS .

TD ∼ αTMP , α ∈ [1, 2].

We count the number of evaluations performed in one specific arithmetic precision.
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Explicit solver: Runge-Kutta with p-stages

An ODE problem: Ẋ = f(t,X), t ∈ [0,T ].

1) Step time: h = T
N and setting Xi = X(ti ) = X(ih).

2) Get Xn+1: (Xn known).

The stage(s): ki = f(tn + cih,Xn + h
∑i−1

j=1 ai ,jkj), ∀i ∈ {1, ..., p}.

Xn+1 = Xn + h

p∑
i=1

biki .

3) Order of the scheme: truncation error.
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Solver ODE23: Adaptive scheme

■ ODE23: Combination of RK3 with 3 stages and RK2 with 4 stages (first three
stage are shared).

■ Adaptive scheme: Error evaluation (RK2 vs RK3) and step validation (with the
relative tolerance) modifying the step size (h → hn).

■ First Same As Last: Last stage at step n is used as First stage at step n + 1.

■ Bonus: Already implemented in Matlab.
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Mixed-precision at different levels

■ For function evaluation, 3 possibilities can be chosen :

Ẋi = Hi(Xi ) +
1

N

N∑
j=1

Gij(Xi ,Xj).

■ For each stage (p-stages, 3 in our case) a different cocktail can be chosen.

Precision

RK-Stage Hi
∑N

j=1 Gj

K2 S D S

K3 S D S

K4 D D S
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Linear Coupled Oscillators (Benchmark 1)

Model equations {
dxi
dt = yi +

1
N

∑N
j=1(xj − xi )

dyi
dt = −xi

, ∀i ∈ {1, ...,N}.

■ Why ?

Appropriate structure

Analytic solution

Biological application: biological rhythm
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Kuramoto (Benchmark 2)

Model equations

dxi
dt

= ωi +
1

N

N∑
j=1

K sin(xj − xi ), ∀i ∈ {1, ...,N}.

■ Why ?

Dense literature

Non-linear interaction term (sine)

Biological application: neuroscience
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Benchmark 3: Circadian clock

Model equations
ẋi =

(
k0θha
θh+yh

i

xi − k1
)
xi +

1
N

∑N
j=1

k0θha
θh+yh

i

K arctan(xj − xi ),

ẏi = k2(xi − yi ),

u̇i = ui
(
1− u2i

3

)
− vi + I0

(
1− k2

3

k2
3+x2i

)
,

v̇i = ϵ
(
ui + b − Cvi

)
.

With Xi = (xi , yi , vi , ui )
T ∈ R4 and X ∈ R4×N

■ Why ?

Real (simplified) model 1

Non-linear interaction term (arctan)
1
El Cheikh R., Bernard S., & El Khatib N. (2017). A multiscale modelling approach for the regulation of the cell cycle by the circadian clock. J

Theor Biol, 426, 117-125.



13/17

Metric for the tests

Error computation

Choose one solution as reference: Xref (t).
At final time, compute:

||Xref (tf )− X (tf )||α =
||Xref (tf )− X (tf )||2√

N
.

In the next slides:

The reference solution is computed with ODE45 of Matlab with a relative
tolerance of 10−9.

The values are averaged over all the tests completed by all the solvers.
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Why not switch completely to low precision ?

Linear coupled oscillators (N = 1000) Circadian clock (N = 1500)
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Accuracy: Circadian clock

Relative Tolerance: 10−3 Relative Tolerance: 10−6
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Accuracy: Circadian clock

Relative Tolerance: 10−7
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Accuracy: Kuramoto

Relative Tolerance: 10−3 Relative Tolerance: 10−6
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Accuracy: Kuramoto

Relative Tolerance: 10−7 Relative Tolerance: 10−8
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Conclusion

Mixed precision is necessary to benefit from the recent development of chips.

A good trade-off for solving high-dimensional systems with sufficient accuracy
with lower numerical precision.

Outlook

Develop numerical methods that select the appropriate numerical precision from
the many possibilities.

Performance measurements on different architectures.

Thank you for your listening!
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Linear oscillators (Relative Tolerance: 10−3, N=1000)

Local error:

Time

Step size (power 4):

Time
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Linear oscillators (Relative Tolerance: 10−6, N=1000)

Local error:

Time

Step size (power 4):

Time
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Relative tolerance

Tolerance and step validation

At each step X
(n)
1 and X

(n)
2 are computed, X

(n−1)
2 is the solution at the previous step.

At final time (tf ), compute:

err :=
∣∣∣∣∣∣(X (n)

1 − X
(n)
2 )./max

(
|X (n)

2 |, |X (n−1)
2 |, Ab

Rel

)∣∣∣∣∣∣
∞
.

’./’ division term by term.
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Parameters for Linear coupled oscillators

Parameters Value(s)

Tests number 1000
N (number of oscillators) {100, 500, 1000, 2000, 5000}

Tol − Ab {10−8, 10−7, 10−6, 10−3}
Tol − Rel {10−8, 10−7, 10−6, 10−3}

Tf (Final time) 10π
Initial conditions [0, 2π]
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Parameters for Kuramoto

Parameter Value(s)

Number of tests 5000

N (Number of oscillators) {100, 500, 1000, 2000, 3000, 5000}
Tol − Ab {10−8, 10−7, 10−6, 10−3}
Tol − Rel {10−8, 10−7, 10−6, 10−3}

σ [0, 1]

ωi [−σ, σ]

K (coupling coefficient) [0, 3]

Tf (Final time) 4π
med(|W |)K+0.001

Initial conditions [0, 2π]
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Parameters for circadian clock

Parameter Value(s)

Number of tests 1000

N (Number of oscillators) {100, 300, 700, 1000, 1500}
Tol − Ab {10−8, 10−7, 10−6, 10−3}
Tol − Rel {10−8, 10−7, 10−6, 10−3}

K (coupling coefficient) {0.001, 0.1, 1, 10}
I0 {0.228249, 1.5, 10}

Tf (Final time) 3× Tcycle = 72
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Accuracy: Circadian clock (Relative Tolerance: 10−8)


